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ON THE TENSOR PRODUCT OF WELL GENERATED DG CATEGORIES

WENDY LOWEN AND JULIA RAMOS GONZALEZ

ABsTRACT. We endow the homotopy category of well generated (pretriangulated) dg ca-
tegories with a tensor product satisfying a universal property. The resulting monoidal
structure is symmetric and closed with respect to the cocontinuous RHom of dg categories
(in the sense of Toén [32]). We give a construction of the tensor product in terms of
localisations of dg derived categories, making use of the enhanced derived Gabriel-Popescu
theorem [27]. Given a regular cardinal «, we define and construct a tensor product
of homotopically a-cocomplete dg categories and prove that the well generated tensor
product of a-continuous derived dg categories (in the sense of [27]) is the a-continuous
dg derived category of the homotopically a-cocomplete tensor product. In particular, this
shows that the tensor product of well generated dg categories preserves a-compactness.

1. INTRODUCTION

The main aim of this paper is the development of a suitable tensor product for well
generated dg categories, that is, pretriangulated dg categories A for which H(A) is
well generated in the sense of Neeman [25]. Well generated triangulated categories were
introduced in loc. cit. as a natural class of triangulated categories sharing important prop-
erties like Brown representability with the subclass of compactly generated triangulated
categories, while at the same time having a good localisation theory (see [25] and [17]).
The derived category of a Grothendieck abelian category being well generated [24], there
is a rich supply of examples of algebro-geometric origin and in the spririt of noncommu-
tative geometry, our tensor product can be thought of as a kind of (derived) product of
noncommutative spaces.

Our starting point is the homotopy category of dg categories Hge developed by Tabuada
[30] and Toén [32]. As shown in [32], Hge has a monoidal structure given by the derived
tensor product of dg categories ®" and this monoidal structure is closed with the internal
hom (denoted by RHom) given by the dg category of (cofibrant) right quasi-representable
bimodules (also called quasi-functors).

When we restrict our attention to dg categories A, B that are (homotopically) co-
complete, it is natural to restrict to quasi-functors ¥ € RHom(A, B) whose associated
underlying exact functor HO(F) : HY(A) — H°(B) preserves coproducts. These will be
called cocontinuous quasi-functors and they form a full dg subcategory RHom¢ (A, B) C
RHom(A, B). We show (Corollary 3.25 and Theorem 3.31):

Theorem 1.1. Consider pretriangulated dg categories ‘A and B.

(1) If A and B are homotopically cocomplete, the same holds for RHom (A, B).
(2) If A and B are well generated, the same holds for RHom¢ (A, B).

We define the well generated tensor product of two well generated dg categories A and
B, if it exists, as the unique well generated dg category A ® B satisfying the following
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universal property in Hge with respect to all well generated dg categories C:
(1) RHom (A ® B, C) = RHom.(A, RHom¢(B, C)).

Our main result is the existence of the well generated tensor product (see Theorem 1.3
below). In combination with Theorem 1.1 (2) we immediately obtain:

Corollary 1.2. The homotopy category Hae,q of well generated dg categories with cocon-
tinuous quasi-functors is symmetric monoidal closed.

Our approach to the existence of the tensor product makes use of the localisation theory
of well generated dg categories. More precisely, we use the (enhanced) derived Gabriel-
Popescu theorem from [27] which identifies the well generated dg categories in Hge as
the dg quotients of dg derived categories D(a) by an (enhanced) localising subcategory
‘W C D(a) generated by a set, for small dg categories a. We show:

Theorem 1.3. Let A, B be two well generated dg categories such that A = D(a) /W, and
B = D(b) /W for small dg categories a, b with W, C D(a) and Wy C D(b) (enhanced)
localising subcategories generated by a set of objects. There exists an (enhanced) localising
subcategory Wy 8 Wy C D(a ®" b) such that the well generated tensor product of A and
B exists and is given by the dg quotient

) AR B =D(ad"b)/ W, R W,.
In particular, A ® B is independent of the chosen realisations of A and B.

In the paper, we give a description of ‘W, ® W} in terms of generators (Theorem 4.14)
as well as an intrinsic description (Theorem 4.17). We also give a description of the
well generated tensor product in terms of Bousfield localisations (Theorem 4.20) which
is specifically applied to a-continuous dg derived categories in the sense of [27] (we call
them a-cocontinuous in line with the rest of our terminology). More precisely, we show
(Theorem 5.5, Proposition 5.6, Corollary 5.7):

Theorem 1.4. Let a be a regular cardinal. Let a, b be two homotopically a-cocomplete
small dg categories. Then, we have that

3) D, (a) ® D, (b) = Dy(a®f b)

in Hae,,q, where a ®L b is the homotopically a-cocomplete tensor product of a and b.
In particular, the well generated tensor product preserves a-compactness.

Remarks 1.5.

(1) In [20], a tensor product of Grothendieck abelian categories was defined. The
precise relationship between this tensor product and the tensor product of well
generated dg categories (with t-structures) is currently under investigation in a
joint project with Francesco Genovese and Michel Van den Bergh.

(2) In contrast to the tensor product of well generated dg categories, the tensor product
of Grothendieck categories from [20] is not closed (as follows for instance from
[28, Rem 6.5]). An in depth study of the nature of morphism categories between
abelian categories is the topic of an ongoing joint project with Michel Van den
Bergh.

(3) There is well known correspondence between pretriangulated dg categories on the
one hand and stable linear infinity categories on the other hand, see for instance [8].
Since a pretriangulated dg category is well generated precisely when it is locally
presented [33, §2.1], we expect our tensor product to correspond to a natural tensor
product of presentable stable linear infinity categories. Such a tensor product can
be obtained as a linear analogue of the tensor product of presentable stable infinity
categories from [22, 23]. The details of such a monoidal correspondence remain
to be elucidated.
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2. THE HOMOTOPY CATEGORY OF DG CATEGORIES

We fix a commutative ground ring k throughout the paper.

Let U be a fixed (Grothendieck) universe. Without further notice, categories are U-
categories, small categories are U-small categories and cocomplete categories are U-
cocomplete (i.e. have all U-small colimits) etc. In the sequel, making use of the universe
axiom, we will sometimes use additional universes 2 € B and B € W, which will be made
explicit in the terminology and notation.

In this chapter, we revise the essential aspects of the homotopy theory of dg categories
that will be used further on.

2.1. The model structure on the category of dg categories. We denote by C(k) =
U—-C (k) the category of cochain complexes of U-small k-modules with cochain morphisms.
The category dgcat, = U—dgcat; of W-small dg categories over k with k-linear dg functors
has a standard model structure with the quasi-equivalences as weak equivalences [30]. This
model structure has the following properties.

Proposition 2.1. [32, Prop 2.3] Consider dgcat, with the standard model structure. The
following hold:
(1) Any object in dgcaty is fibrant;
(2) There exists a cofibrant replacement Q : dgcat, — dgcat, such that the natural
morphism Q(A) — A is the identity on objects;
(3) If A is cofibrant in dgcaty, and A, A’ € A then A(A, A’) is cofibrant in C(k) for
the projective model structure.

We denote by Hgqe = U — Hge = Ho( — dgcat; ) the homotopy category of U-small
dg categories. Given a dg functor F : A — B, we denote by [F] its image in Hge
and as usual we denote by [—,—] = U — [—, -] = U — Hge(—, —) the set of morphisms in
Hge. Observe that an element f € [A, B] induces a functor HO(f) : H(A) — H(B)
between the corresponding H’-categories.

2.2. The monoidal structure on the homotopy category of dg categories. Let C be a
small dg category and dgMod(C) the dg category of all dg modules (that is, dg functors
from C° to C(k)). We denote by D(C) the dg derived category of C, that is the full
dg subcategory D(C) C dgMod(C) of the cofibrant dg modules for the projective model
structure on dgMod(C) (see for example [32, §3], where the dg derived category of C is
denoted by Int(C)). By construction, H°(D(C)) is equivalent to the derived category D(C)
of C [14, Prop 3.1].

The homotopy category of dg categories Hge can be endowed with a closed symmetric
monoidal structure, described by Toén in [32, §6]. In particular, given A, B, C small dg
categories, in Hge we have the adjunction

4) [A & B,C] = [A,RHom(B, C)].

between the derived tensor product A ®L B and Toén’s internal RHom(8, C), which can
be constructed as follows.
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Let A and B be small dg categories. A bimodule F € dgMod(8 &~ A°%) induces a
dg functor ®p : A — dgMod(8B), and it is called right quasi-representable provided
that the induced H(®f) : HY(A) — H°(dgMod(B)) factors through a functor H(F) :
HY(A) — H°(B). In other words, for all A € A, ®r(A) € dgMod(B) is quasi-
representable, that is, quasi-isomorphic to a representable dg 8-module. We will denote
by grep(8B) the full dg subcategory of dgMod($B) with as objects the quasi-representable
objects. In particular, the dg Yoneda embedding Yg : 8 — dgMod($B) induces a quasi-
equivalence 8 — qrep(8B).

We denote by RHom (A, B) C D(B &~ A°P) the full dg subcategory of (cofibrant) right
quasi-representable bimodules. This category is not small, but essentially small, and hence
can still be considered as an element of Hge (see [32]). In the literature, the elements of
the category H”(RHom (A, B)) are usually called quasi-functors between A and B (see,
for example [14]). Given F € RHom(A, B), we denote the same element considered in
H°(RHom(A, B)) also by F and we will refer to both objects as quasi-functors.

In particular, the adjunction from (4) above can easily be extended (see for example [6,
Cor 4.1]) to the following isomorphism in Hge:

(5) RHom(A ®" B, C) = RHom (A, RHom(8B, C)).

Concretely, the isomorphism (5) is given by sending F € RHom(A ®" B,C) to the
associated dg functor

A — dgMod(C ®" B%) : A — Fy

with Fo(B,C) = F(A,B,C). Then F, is right quasi-representable, and the resulting
A — RHom(8B, C) gives rise to a representable element in RHom (A, RHom(8, C)).

In addition, we have the following result, relating the morphisms in Hge and the internal
hom of the monoidal structure.

Proposition 2.2 ([32, Cor 4.8]). Let A,B be two small dg categories. There exists a
Sfunctorial bijection between the set [ A, B] of maps between A and B in Hae and the set
Iso(H°(RHom(A, B))) of isomorphism classes of quasi-functors.

Consider small dg categories A and B and F € [A, B]. By Yoneda’s Lemma, if F
induces a bijection F o —: [C, A] = [C, B] for every small dg category C, it follows that
F is an isomorphism in Hge. In the sequel, we will need the following refinement:

Proposition 2.3. Consider dg -categories A and B and let B be a universe such that A
and B are B-small. We consider the homotopy category B —Hqe of B-small dg categories
and F € B — [A, B]. If F induces a bijection Fo — : B — [C,A] = B - [C, B] for every
W-small dg category C, it follows that F is an isomorphism in 8 — Hqge.

Proof. We may suppose that F is given by a dg functor F : A — B. Suppose that F
induces a bijection F o — : B — [C,A] = B — [C, B] for every U-small dg category C.
We are to show that F is a quasi-equivalence.

We start by showing that F' is quasi-essentially surjective. Consider the dg category
k with a single object * and k(x,*) = k. It is readily seen that there is a natural quasi-
equivalence A = B — RHom(k, A) for every B-small dg category A and hence by
Proposition 2.2 a natural bijection B — [k, A] = Iso(H’(A)). Hence, by the assumption
(for C = k) F induces a bijection Iso(H(A)) — Iso(H(B)) as desired.

Next we show that F is quasi-faithful. Consider

H'(Fan):H'A(A,A") — H"B(F(A),F(A"))
and f € Z"A(A,A’) with H"(Fa a)([f]) = 0 € H'"B(F(A),F(A’)). Consider the
dg category Ar, with two objects X, X’ and Ar,(X,X) = klx, Ar, (X', X") = klx,

Ar, (X, X’) = kx for x in degree n, Ar,(X’, X) = 0. Consider the dg functor ¢ : Ar, —
A x —> f. We have F¢(x) = d(h) for some h € B(F(A), F(A’))""!. Consider the dg
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functors ¥; : Ar, — A 1 x = 04 4 and ¥ : Ar, — B : x > Op(a),F(a) for the
zero morphisms 04 40 € A(A, A")" and O (a),r(a) € B(F(A), F(A’))". We claim that
[Fo] = [F][¢] = [¢2] in [Ar,, B]. Let P(B) be the path object dg category for B as
described in [6, §2.2]. Then it is readily seen that a homotopy between F¢ and ¢, is given
by
H: Ar, — P(8B)

with

H(X) = (F(A),F(A), lra)

H(X') = (F(A"),F(A"), 1)

H(x) = (F(f),0F (a).F(a (=1)""'h)
Since also [Fy] = [F][¥1] = [y2] it follows from the assumption (for C = Ar,) that
[#] = [y1] € [Arp, A] and consequently [ f] =0 € H*A(A, A’) as desired.
Finally we show that F is quasi-full. Thanks to the bijection Iso(H*(A)) — Iso(H%(8)),

it suffices to show that for all B, B’ € B, there exist A, A’ € A and isomorphisms B = F(A)
and B’ = F(A’)in H°B such that H*A(A, A’) — H"B(F(A), F(A’)) is an isomorphism
for every n. So let B, B’ € B. Consider the full dg subcategory ¢ : By C B spanned by the
objects B and B’ and let Q : Q(By) — By be a cofibrant resolution which is the identity
on objects. By the assumption (for C = Q(8By)), there exists a dg functor G : Q(By) — A
with [F][G] = [FG] = [Q] € [Q(By), B]. It follows that

H"(Fg(p),6s)) : H'A(G(B),G(B")) — H"B(F(G(B)),F(G(B"))
is surjective as desired. O

2.3. Variations upon the inner hom. Consider dg N-categories A and B. For universes
B C B’ such that A and B are B-small, there is easily seen to be a quasi-equivalence
B-RHom(A, B) = B'"-RHom(A, B). Hence, we will often omit the decoration 8 from
the notation and simply write RHom(A, B) where it is understood that we make use of
some universe for which the categories under considerations are small. If A is U-small,
then RHom(A, B) is seen to be a dg U-category.

For F € RHom(A, B), we have an induced functor H(F) : H'(A) — H°(B). We
will consider several full subcategories of RHom(A, B) determined by properties of the
functors H(F).

Given a universe U, its cardinality || is the unique inaccessible (and hence regular)
cardinal such that 2 = V|y where, for a cardinal «, V,, = {X | |X| < «} - consisting of all
the x-small sets - denotes the x™-level of the von Neumann hierarchy (see [34]). Observe
that, for 2 € B, we have that || < |B| and hence |U] is a |B|-small cardinal.

Definition 2.4. Let C be a dg U-category.

(1) Let a be a cardinal. We say that C is homotopically a-cocomplete if H*(A) has
all a-small coproducts.

(2) We say that C is homotopically cocomplete if C is homotopically |U|-cocomplete,
that is, H(A) has all A-small coproducts.

Definition 2.5. Consider dg U-categories A and B.

(1) Leta be acardinal. A quasi-functor F € RHom(A, B) is called a-cocontinuous if
the induced functor H(F) : H°(A) — H°(B) preserves all a-small coproducts.
We let

RHom, (A, 8) € RHom(A, B)

denote the full dg subcategory of a-cocontinuous quasi-functors.

(2) A quasi-functor F € RHom(A, B) is called cocontinuous if it is |U|-cocontinuous,
that is if the induced functor H*(F) : HY(A) — HY(B) preserves all UA-small
coproducts. We put

RHomc(ﬂ, B) = RHOIT]m‘ (ﬂ, B)
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Next we look at annihilation of classes of objects.

Definition 2.6. Consider dg categories A, B and let N € Ob(A) be a class of objects.
We say that F € RHom(A, B) annihilates N if the induced functor H*(F) : H'(A) —
HO(B) is such that H*(F)(N) = 0 for every N € N. We denote by

RHomp (A, B) € RHom(A, B)
the full dg subcategory of quasi-functors annihilating N.

Remark 2.77. We will use the same terminology and notation for a full dg subcategory
A’ C A, where it is understood that annihilation is intended with respect to the class
N = Ob(A’).

The dg quotient B/A of a dg category B along a full dg subcategory A C B was
introduced by Keller in [13] and analysed further by Drinfeld in [9]. The dg quotient fulfills
the following universal property in Hge:

(6) RHom(8B/A,C) = RHom#(8,C),
for all C € Hge (see [31]).

Example 2.8. Let C be a small dg category and let Acgg(C) be the full dg subcategory of
dgMod(C) of acyclic dg modules, that is, the dg modules which are pointwise acyclic.The
natural composition of morphisms in Hge

@) D(C) — dgMod(C) — dgMod(C)/Acqs(C)
is an isomorphism, and hence it induces a morphism Q € [dgMod(C), D(C)].

3. WELL GENERATED DG CATEGORIES

Well-generated triangulated categories in the sense of Neeman [25] form a very important
class of triangulated categories. They enjoy very nice properties concerning for example
localisations (see [17]) and Brown representability (see [25, §8.4]), and they also appear
naturally in many contexts. In particular, derived categories of Grothendieck abelian
categories are well generated triangulated [24].

Porta shows in [27] that in the triangulated world, well generated algebraic triangulated
categories play the analogous role to the one that Grothendieck categories play in the abelian
world, in the sense that they fulfill a triangulated version of the well-known Gabriel-Popescu
theorem for Grothendieck categories [26].

In this article we will focus on the pretriangulated dg version of well generated algebraic
triangulated categories:

Definition 3.1. A pretriangulated dg category A is called well generated if the homo-
topy category H°(A) is a well generated triangulated category. It is called a-compactly
generated for some cardinal « if H°(A) is a-compactly generated.

Observe that in Definition 3.1, HY(A) is automatically algebraic as it has A as an
enhancement.

Remark 3.2. From now on, when dealing with well generated pretriangulated dg categories,
we will usually omit the term pretriangulated for the sake of brevity.

In section §3.2 we discuss the localisation theory of well generated dg categories, which
can be obtained as an enhancement of the localisation theory of well generated triangulated
categories as described for example in [17] (see §3.1). After recalling a-cocontinuous (dg)
derived categories in §3.3, in §3.4 we formulate the (enhanced) derived Gabriel-Popescu
theorem due to Porta [27]. In §3.5, we prove that the cocontinuous internal hom between
homotopically cocomplete dg categories is again homotopically cocomplete (Theorem
3.25). In §3.6, we prove the main result of this chapter: the cocontinuous internal hom
between well generated dg categories is again well generated (Theorem 3.31).
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3.1. Localisation of well generated triangulated categories. The Verdier quotient of a
triangulated category 7~ with respect to a full triangulated subcategory ‘W is given by a
triangulated category 7 /W and an exact functor Q : 7 — 7 /W annihilating ‘W such
that any exact functor 7 — 7 annihilating ‘W factors through Q. In other words, we
have that the Verdier quotient 7 /W has the following universal property:

®) Funme(T /W, T") =2 Fungap (T, 77),

where Funt,(7 /W, T’) denotes the collection of exact functors from 7 /W to 7' and
Funt 4w (7, 7") denotes the collection of exact functors from 7 to 7 that annihilate “W.
On the other hand, a Bousfield localisation functor L : 7 —> 7 can be characterized as
the composition of a Verdier quotient Q : 7 — 7 /Ker(L) followed by its right adjoint
T /Ker(L) — T (see [17]).

If we restrict to the realm of well generated triangulated categories, we have that local-
ising subcategories of well generated categories which are generated by a set of objects
are again well generated, and so are the corresponding Verdier quotients [17, Thm 7.2.1].
Then, we have two equivalent approaches to the localisation of well generated triangu-
lated categories which produce again well generated triangulated categories and which are
equivalent, namely:

e Verdier quotients along localising subcategories generated by a set;
e Bousfield localisations with kernel generated by a set;

where we say that a localising subcategory ‘W of a well generated triangulated category 7~
is generated by a set if there exists a set of objects of 7~ such that the smallest localising
subcategory containing them is “W. The fact that these two approaches are equivalent can
be directly deduced from [17, Thm 7.2.1 & Prop 5.2.1].

In what follows, we analyse the induced correspondence of localisation theories in the
dg setting. But before we proceed, we make an observation on the universal properties of
the Verdier and dg quotients when we restrict to the well generated case with cocontinuous
functors.

Let 7 be a well generated triangulated category and ‘W C 7 a localising subcategory
generated by a set. One can easily observe that under this hypothesis the quotient functor
Q : T — T /W preserves coproducts, as it is a left adjoint between well generated
triangulated categories. It is then not hard to check that the Verdier quotient, restricted to
well generated triangulated categories, has the following universal property. Given 7 a
well generated triangulated category, and ‘W C 7~ a localising subcategory generated by a
set of objects (and hence well generated), the Verdier quotient 7 /W is a well generated
triangulated category such that for any well generated triangulated category 7, one has
that

©) Funne o (T /W, T) —=> Futir (T, 77),

where the subindex c indicates that we are considering the exact functors which preserve
coproducts.

In the dg realm one can check in a similar fashion, for example by means of Keller’s
construction, that if 8 is a well generated dg category and A C B is a dg subcategory with
H°(A) localising in H°(B) and generated by a set, then the dg quotient B /A is also a well
generated dg category (as it is an enhancement of the Verdier quotient H%(8B)/H(A))
and the canonical morphism Q : 8 — B/A in Hqge is cocontinuous, that is, the induced
H°(B) — H(8B/A) preserves coproducts. Observe then, that for all well generated
dg categories C, the universal property of the dg quotient (6) in Hge restricts to a quasi-
equivalence

(10) RHom¢(8/A, C) = RHomg # (8B, C).

3.2. Localisation of well generated dg categories.
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3.2.1. Localising subcategories generated by a set. Let B be a well generated dg category.
Observe that in particular H°(8) is localising as a subcategory of itself and it is, as localising
subcategory, generated by a set. In addition, the intersection of localising subcategories of
H'(B) generated by a set is again such (see [11, Lem 3.2]). Consequently, for every full
triangulated subcategory H C H®(8) there is a smallest localising subcategory generated
by a set containing 9. In particular, the poset of localising subcategories of H%(8)
generated by a set is a complete lattice with inf; W; = N;W; and sup; W; = (U;W;),
where (U;W;) denotes the smallest localising subcategory that contains U;'W;. Observe
that (U;W;) is indeed generated by a set, taking for example U; N; where, for every i, N; is
a set such that (N;) = W,.

Definition 3.3. Consider H C H°(8B) and B € B. A filtration of B consists of a countable
collection (X;);2, of objects in H°(8) with X = 0 and maps x; : X; — X,y foralli > 0
such that hocolim(X;) = B. A filtration (X;):2, of B is called an H-filtration if the cone of
each x; : X; — X;41 belongs to H and in this case B is called H -filtered.

Proposition 3.4. Let ‘W be a localising subcategory of H*(B) generated by a set. Then,
there exists a set N generating W (i.e. W = (N)) such that X € H°(B) belongs to ‘W if
and only if it is N-filtered, where N is the class of small coproducts of elements in N.

Proof. By [17, Thm 7.2.1], we know we can take a regular cardinal & such that ‘W and
H°(B) are both a-compactly generated. In particular, the class of a-compact objects
W =WnNB? is essentially small (see [25, Prop 3.2.5, Lem 4.4.5]). Take N to be the set
of objects in W consisting of taking for each isomorphism class of ‘W® a representative.
We have that ‘W = (N). By applying [25, Lemma B.1.3] to ‘W, we know that every
X € ‘W is N-filtered. On the other hand, as ‘W is localising, every N-filtered object X in
H(8B) belongs to ‘W, which concludes the argument. O

We describe now the relation with orthogonal complements.

Let 7 be a triangulated category. Recall that an object X € 7 is said to be left orthogonal
to an object Y € 7 (or Y right orthogonal to X) if 7(X,Y) = 0 and we denote this by
X LY. For a full subcategory H{ C 7, we obtain the following k-linear subcategories of
T

e H*={XeT |HLX forall He H}
o YH={XeT | X LH forall He H}

Remark 3.5. This notation for the right and left orthogonals is the most common in the
literature, though it is not standard. For example, the notation in [25] is reversed (see [25,
Def 9.1.10 & 9.1.11]).

Proposition 3.6. Let ‘W be a localising subcategory of B generated by a set N, i.e.
W = (N). Then we have that W+ = N*.

Proof. We have that N C ‘W, hence W+ C N<*. On the other hand, we have that
N C H(N?*) and +(N?1) is easily seen to be a localising (hence triangulated) subcategory
[25, Lem 9.1.12]. Hence we have that W = (N) € +(N*). Then, applying right
orthogonals and the fact that N+ = (+(N1))*, we obtain that N+ € W+, which concludes
the argument. O

3.2.2. Bousfield localisations.

Definition 3.7. Given two pretriangulated dg categories A, B and two right quasi-
representable functors F € RHom(A,B), G € RHom(B,A), we say that F is left
quasi-adjoint to G if and only if H*(F) 4 H°(G). In this case we write F 40 G.

Definition 3.8. Let A, B be pretriangulated dg categories and i : 8 — A a quasi-fully
faithful dg functor. We say that i € RHom(8B, A) is a dg Bousfield localisation of A if
HO(i) : HY(B) — H°(A) admits a left adjoint.
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Remark 3.9. This definition is seen to be equivalent to the following definition: i : 8 — A
is a dg Bousfield localisation if and only if there exists a right quasi-representable functor
a € RHom(A, B) which is left adjoint to i € RHom(8, A) in the sense of adjoint pairs of
quasi-functors from [10]. Obviously, this second definition implies the first. On the other
hand, if H°(i) has a left adjoint F : H*(A) — H(B), then we have an isomorphism

HY(B)(F(A),-) = H'(i(A, -))

for all A € A, where we consider i in dgMod (A ®" B°P). This isomorphism is, by Yoneda
lemma, determined by an element f € H(i(A, F(A))). Consider g a closed element of
degree 0 in i(A, F(A)) lifting f. By dg Yoneda lemma, g induces a morphism

B(F(A)7_) — I(Av_)

which is a quasi-isomorphism because it is a lift of the previous 0"-cohomology isomor-
phim, and both A and B are pretriangulated. This shows that i is left quasi-representable
as a bimodule and hence it admits a left adjoint a € RHom(A, B) as a consequence of [10,
Prop 7.1]. In particular, by unicity of adjoints, we have that H'(a) = F.

Observe this implies, in particular, that dg Bousfield localisations have left quasi-
adjoints.

Remark 3.10. Fix the same notations as in Remark 3.9. As a direct consequence of the
theory of adjunctions of quasi-functors from [10, §6], there exist morphisms Id 4 — i ®IZ‘; a
in H’(RHom(A, A)) € D(A ® A%®) and a & i — Idg in H*(RHom(B, B)) C
D(8B ® B°P), called the unit and counit of the adjunction respectively, where ®" is the
composition of bimodules, which preserves right quasi-representability (see [12, §6.1]).
Observe that in our particular situation the counit a ®154 i — Idg is an isomorphism
in H(RHom(A, A)) and hence a ®%; i and Idg are quasi-isomorphic in RHom(8, B).
Moreover, notice that a is cocontinuous, i.e. it belongs to RHom¢ (A, B).

Remark 3.11. Observe that a dg Bousfield localisation induces a classical Bousfield local-
isation of the corresponding underlying triangulated category.

3.2.3. Equivalent approaches to localisation. When we restrict to the world of well gen-
erated triangulated categories, there is a nice correspondence between localising subcate-
gories and Bousfield localisation, as we have pointed out at the beginning of §3.1. This
result can be easily enhanced to the dg realm. In particular, for a well generated dg category
8, there is a poset isomorphism between:

(1) The poset Wyg of localising subcategories of H 0(8B) generated by a set, ordered by
inclusion;

(2) The opposite poset (Lqq)°P of the poset Lqg of Bousfield localisations of 8 with
kernel of the left adjoint (at the 0"-cohomology level) generated by a set, ordered
by inclusion, i.e. we write i C i’ if and only if Im(7) € Im(i”) as sub-dg-categories,
where Im(7) denotes the quasi-essential image of i.

The poset isomorphism is described as follows:

(1) Let ‘W be a localising subcategory of H°(B) generated by a set. In particular, we
have that W+ C HY(8B) has a left adjoint and hence gives rise to a localisation
functor

H(B) — W+ — H(B),
such that the composition W+ < H?(8) — H(B)/W is an equivalence and
W+ is well generated (see [17, Prop 7.2.1, Prop 5.2.1 & Prop. 4.9.1]).

Denote by Ly the full dg subcategory of B obtained as an enhancement of
W+ c HY(B) via the natural enhancement of H%($B). We have that Ly is a
well generated dg category, and that F : HY(B8) — H(B)/W = W+ is a left
adjoint of H(i) : H°(L+y) C H°(B), where i denotes the embedding L4y C B.
In addition, Ker(F) = ‘W, which is generated by a set of objects.
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To each W € Wy4 we assign the so constructed Lqy € Lyg.

(2) Leti : 8 — A be a Bousfield localisation of a well generated dg category A
such that the kernel of the left adjoint F of H°(i) is generated by a set of objects.
Observe that Ker(F) is a localising subcategory of H%(8B). We put W, = Ker(F).

We assign to L € Lqg the so constructed Wy € Wyq.

3.3. The a-cocontinuous derived category. In this section we recall the a-cocontinuous
derived category of an a-cocomplete dg category from [27] (note that in loc. cit it is called
the “a-continuous derived category”).

Definition 3.12. [27, §6] Let C be a homotopically @-cocomplete small dg category. The
a-cocontinuous derived category D, (C) is defined as the full subcategory of D(C) with
objects given by the dg functors X such that for every a-small family of objects {A;};er
the canonical morphism

H'(C)
(1) H'X)| || A]— [ [H" X040
H(C)
is invertible for all n € Z, where [] A; denotes the coproduct taken in H’(C).

Remark 3.13. Observe that, in particular, the representable dg modules belong to D, (C).

Remark 3.14. In addition, one can give an equivalent definition of D,(C) as a Verdier
quotient of D(C) with respect to the localising subcategory N generated by the cones of
the morphisms

(12) (o [ e, = by
iel t

iel
where A varies in the set of all @-small families {C;};¢; of objects of C.

Definition 3.15. We call the natural enhancement of D, (C) via the enhancement D(C) of
D(C) the a-cocontinuous derived dg category of C. We will denote it by D, (C).

There is an equivalent construction of D, (C) in Hge as a dg quotient. Indeed, we have
that for the dg quotient D(C)/N’, where N is the natural enhancement of A above via the
enhancement D(C) of D(C), the natural composition of morphisms in Hge

(13) D,(C) — D(C) — D(C)/N’

is an isomorphism. This induces a morphism Q, € [D(C),D,(C)]. In particular, we have
the following

Theorem 3.16 ([27, Thm 6.4]). Let a be a homotopically a-cocomplete small dg category.
Then Dy (a) is a-compactly generated by the images of the free dg modules {a(—, A)} Aca
through the localisation functor D(a) — D4 (a).

3.4. Enhanced derived Gabriel-Popescu theorem. In [27], Porta proved a derived ver-
sion of the Gabriel-Popescu theorem, showing that a triangulated category 7 is well
generated and algebraic if and only if there exists a small dg category a such that 7 is
triangle equivalent to the Verdier quotient of D(a) by a localising subcategory generated by
a set. Further, 7 is @-compactly generated and algebraic if and only if there exists a small
homotopically @-cocomplete dg category a such that 7~ is triangle equivalent to D, (a).

We are interested in enhanced versions of these results, which can easily be deduced
making use of the higher observations (see also [7]).

Theorem 3.17. Let C be a pretriangulated dg category.
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(1) C is well generated if and only if there exists a small dg category a such that
C = D(a)/W in Hge, where ‘W is the enhancement of a localising subcategory
of D(a) generated by a set.

(2) C is a-compactly generated if and only if there exists a small homotopically a-
cocomplete dg category a such that C = D, (a) in Hge.

From Theorem 3.17, one deduces (see [33, §3.1]):

Corollary 3.18. Let C be a pretriangulated dg category. Then C is well generated if and
only if C is locally presentable in the sense of [33].

3.5. The cocontinuous internal hom of homotopically cocomplete dg categories. In
this section we prove that given a W-small dg category b, and a well generated B-small dg
category C with a U-small set of generators, the internal hom RHom(b, C) in B — Hge is a
well generated dg category as well. As a consequence of this result, we prove that for any
two U-small dg categories a, b with b homotopically W-cocomplete (resp. a-cocomplete)
the internal hom RHom(a, b) is also homotopically U-cocomplete (resp. a-cocomplete) in
U — Hae, while if also a is homotopically U-cocomplete (resp. @-cocomplete), then so is
RHomc(a, b) (resp. RHom,, (a, b)) in U — Hge.

We will start first with some considerations on the two variable setting.

The fact that the cofibrant replacement Q in dgcat; can be taken to be the identity on
objects, permits to define a canonical functor

ig:a—a®"b=a®Q(b): A+ (A,B)

for all B € b (see [32, §4]).

One can then consider the induced dg functor

(i)* : dgMod(a ®" b) — dgMod(a) : F —> F oig = F(—, B),
sometimes called restriction of scalars. This dg functor has a left adjoint
(ig): : dgMod(a) — dgMod(a &" b),

sometimes also called extension of scalars. Moreover, (ig)* preserves acyclic dg modules,
hence it induces an exact functor

(ig)* : D(a®" b) — D(a)
In addition, the left derived functor
L(ig): : D(a) — D(a ®" b).

is a left adjoint for (ig)* (see [21, §1]). Observe our notations for the restriction and
extension of scalars functors follow the convention from classical topos theory as in [1]
while in loc.cit. another convention is used.

Lemma 3.19. Let a and b be small dg categories and consider an object B € b. Then we
have that the functor L(ig), = — ®" b(-, B).

Proof. Since L(ig) is a left adjoint between well generated triangulated categories, it
preserves coproducts. Therefore, it is fully determined by its value on the representables,
as they generate D(a). Consider a module F € D(a ®" b). Then, for any object A € a we
have that

D(a ®" b) (L(ig):(a(—, A)), F) = D(a) (a(-, A), (ip)*(F))
= D(a)(a(-, A), F(-, B))
=~ H(F(A, B))
= D(a®" b)(a®" b((~,-), (A, B)).F)
= D(a®" b)(a(—, A) ®" b(-, B), F),
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where the first equivalence is given by the adjunction L(ig) 4 (ig)*, the second by definition
of (ig)*, the third and the fourth by definition of the morphisms in derived categories (see
[12, §4]) and the last one can be readily seen using Proposition 2.1. As this holds for all
F € D(a ®" b), we conclude by Yoneda lemma. O

Lemma 3.20. Let a, b be two small dg categories and ‘W C D(a) a localising subcategory
generated by a set. Then the triangulated subcategory

W' ={X eD(a®"b) | (ig)*(X) = X(—, B) € W forall B € b}

of D(a ®" b) is localising and generated by a set. In particular, if ‘W is generated by a set
N, then we have that ‘W' is generated by the set N’ = {L(ig);(N) | N € N, B € b}.

Proof. The fact that (ip)* preserves small coproducts immediately shows that ‘W’ is a
localising subcategory of D(a ®" b).

We first prove that ‘W’ is generated by a set (and hence well generated by [17, Thm
7.2.1]). Given an object B € b, consider the composition

D(a&" b) 25 b(a) -2 D(a)/W,

where Q denotes the Verdier quotient functor. Observe that both (ig)* and Q preserve small
coproducts, as they are left adjoint functors between well generated categories. Therefore,
by [17, Thm 7.4.1] we have that

Ker(Q o (ip)") = {X € D(a®" b) | (ip)"X = X (-, B) € W}
is also well-generated and in particular generated by a set of objects. Notice now that, as

W = ﬂ Ker(Q o (ig)*) € D(a ®" b),
Beb
we can apply [11, Lem 3.2] to conclude that ‘W’ is also generated by a set of objects.

We now show the second part of the statement, namely, that if W = (N) for a set N,
then W’ = (N’) with N’ = {L(ig)(N) | N € N, B € b}.

We first prove that (N) € W’. As ‘W’ is localising, it suffices to show that N/ € ‘W’.
Let’s take X = L(ig)1(N) € N’. We have that X (-, B’) = L(ig)/(N)(-, B’) = N(-) ®"
b(B’, B) by Lemma 3.19, and one can easily see that it belongs to ‘W. Indeed, we have
that N = N(-) ®" k[0] € ‘W where k[0] € D(k) denotes the complex concentrated in
degree 0 with k in the O-term. In addition, k[0] is a compact generator of D(k), hence
b(B’,B) € D(k) can be written in terms of direct sums, extensions and shifts of k[0].
As N(-) ®" — : D(k) — D(a) commutes with all these, and ‘W is localising, we can
conclude. Hence, we have that (N’) € W',

Now we prove that ‘W’ C (N’). Observe that it suffices to show that (N/)* C W'+,
Indeed, if we take left orthogonals, we have that

W S HWH) S N = (N,
where the last equality comes from [17, Prop 4.9.1(6)] because (N’) is a localising sub-

category generated by a set of a well generated category. Recall from Proposition 3.6 that
(N’"Y+ = N+, Let’s consider X € N’*. Then, we have that

0=D(a®" b)(L(ip)(N), X),
for all for all N € N and all B € b. Hence we have that
0=D(a®" b)(L(ip)1(N). X) = D(a)(N. (ip)*(X))

forall N € N and all B € b. Thus (ig)*(X) = X(—, B) € N* = W< forall B € b. We are
going to show that this is enough to conclude that X € W'+,

Observe that, because W’ is a well generated subcategory of D(a ®" b) closed under
coproducts, by [17, Thm 5.1.1] we have that ‘W’ is a right admissible subcategory [5, Def
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1.2] and (‘W’*, ‘W’ is a semiorthogonal decomposition of D(a®" b) (see for example [18,
Lem 2.5]). Therefore, we have a diagram of adjoint functors

w’ jﬁ D(a®" b) ?<—_/,> wrt

where j" 4a’, q" 41’ witha'j’ = 1y, q'i’ = 1qy. and furthermore ker(g’) = Im(j’) and
ker(a’) = Im(i”). In particular, the projection functors associated to the semiorthogonal
decomposition as in [18, §2.2] are precisely given by i’g’ : D(a ®" b) — D(a ®" b) and
j'a’ : D(a®" b) — D(a&" b) (see, for example, the proof of [4, Lem 3.1]). Analogously,
we have that (W, W) is a semiorthogonal decomposition of D(a) and thus we have a
diagram of adjoint functors

J q

? D(a) 2 2 W

a i

W 2
N

where j 4 a, g 41 with aj = lqy, gi = lqy: and furthermore ker(g) = Im(j) and
ker(a) = Im(i). The projection functors associated to this semiorthogonal decomposition
are iqg : D(a) — D(a) and ja : D(a) — D(a). Now, observe that for all B € b we have that
the functor (ip)* is compatible with the given semiorthogonal decompositions in the sense
of [18, §3], that is, we have that for all B € b:

e (ig)*(‘W’) C “W: This follows by definition of “W’;

o (ig)*(‘Wt) € W+: Let X € W', Then, given any ¥ € ‘W we have that
D(a)(Y, (ig)*(X)) = D(a ®" b)(Y ®" b(—, B), X) and this latter is equal to 0
because Y QF b(—, B) € W’, which can be shown using the same argument as in
the proof of the inclusion (N’) € ‘W’ above.

Hence, by applying [18, Lem 3.1] we have that, with the notations above
(ip)'j'a’ = ja(ip)*
(ip)'i'q" = iq(ip)”.
Notice now that, because (‘W’+, “W’) is a semiorthogonal decomposition, we have that our
initial object X € N+ C D(a ®" b) fits in a distinguished triangle of the form
jla'(X) — X —i'q"(X) — jla’(X)[1],

(14)

where the morphisms are induced by the counit and unit of the adjunctions above. If we
now apply (ip)*, we obtain a distinguished triangle

(ip)*j'a’(X) — (ip)"X — (ip)"i'q"(X) — (ip)*j'a’(X)[1].
Observe that (ig)*j’a’(X) = ja(ig)*(X) for all B € b because of (14). We showed
above that for all B € b we have that (ig)*(X) = X(—, B) belongs to ‘W+* and hence
a(ip)*(X) = 0. Therefore, we have that 0 = ja(ip)*(X) = (ig)*j’a’(X) for all B € b.
Consequently, we have that j’a’(X) = 0 and thus X = i’g’(X) € ‘W’*, which concludes
the argument. O

Remark 3.21. Observe that the presented proof is symmetric in the arguments, and hence
the similar statement for ‘W C D(b) a localising subcategory generated by a set holds as
well.

We are now in disposition to prove:

Theorem 3.22. Letb be a W-small dg category and C a well generated B-small dg category.
Then, RHom(b, C) is a well generated B-small dg category.

Proof. As C is pretriangulated by hypothesis, so is RHom(b, C) for any small dg category
b (see for instance [9, Rem E.2 & E.4]).

As C is a well generated dg category, by Porta’s Gabriel-Popescu theorem, there exists
a small dg category ¢ such that C is a Bousfield localisation of D(¢), that is, there exists
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a quasi-fully faithful functor i : C — D(¢) which has a cocontinuous quasi-left adjoint
F € RHom¢(D(¢), C).
We have that, by [32, Cor 6.6], the morphism

j : RHom(b, C) — RHom(b, D(¢))

induced by the dg functor i is quasi-fully faithful as well, thus H°(j) is a fully-faithful
functor. Observe that, if we consider i as a right quasi-representable bimodule and we
denote it by h;-) € RHom(C, D(¢)), we have that j = h;_ ®Ié (=). Then, the natural
bimodule F’ = F ®15(() (=) € RHom(RHom(b, D(¢)), RHom(b, C)) can be easily seen to
be a quasi-left adjoint of j : RHom(b, C) — RHom(b, D(¢)). Indeed, we have a counit

F’ ®1L2Hom(:g,n(c)) J=F ®]6(c) hi(-) ® (=) — ld¢ ® (=) = IdRHom(s,¢)
induced by the counit of the quasi-adjunction F Hgo h;(-) and a unit

IdrHom(s,0(c)) = Idp(¢) ®]I5(c) (=) — hi) ® F ®I|5(c> =)=J ®]15Hom(b,0) F’
induced by the unit of the quasi-adjunction F -4go h;—). We thus have that j is a dg
Bousfield localisation of RHom(b, D(¢)), and hence

0 HO(j) 0
H”(RHom(b, C)) —— H"(RHom(b, D(¢)))
is a Bousfield localisation of H°(RHom(b, D(¢))).

Now observe that RHom(b, D(¢)) = D(b%® ® ¢) in Hge as a direct consequence of
the fact that D(¢) = RHom(¢°?,D(k)) in Hge (see [32, §7]). We hence have an exact
isomorphism f : D(b% ® ¢) — H°(RHom(b, D(¢))) and it is not hard to see that every
X € D(b°P®l¢) is sent via f to the associated quasi-respresentable bimodule X : b — D(c)
in H(RHom(b, D(¢))). Consequently, via f, we have that

HO(F)o “LoHO(
D6 & ¢) 1, HO(RHom(b, ¢)) —Y, p(p® gt ¢)

provides a Bousfield localisation of D(b% & ¢). In addition, observe that
Ker(H*(F")o f) = {X € D(b®&"¢) | (ig)*(X) = X(B, -) € Ker(H°(F)) for all B € B},
where Ker(H?(F)) is a localising subcategory of D(¢) generated by a set of objects. Then

we can conclude by Lemma 3.20 that Ker(H°(F’) o f) is also generated by a set of objects.
Consequently, H°(RHom(b, C)) is also well generated, as we wanted to show. O

Lemma 3.23. Consider small dg categories b, ¢, ¢’ and a quasi-fully faithful dg functor
¢ : ¢ — . Consider the induced morphism h, ®L — : RHom(b, ¢) — RHom(b, ¢’).
Consider a quasi-functor F € RHom(b, ¢’) which is such that H'(F) : H°(b) — H°(¢)
factors through H°(p). Then, there exists F € RHom(b, ¢) such that hy ® F = F as
elements in H*(RHom(b, ¢’)).

Proof. Consider the first argument (derived) bimodule restriction functor ¢ : D(b%° e
¢’) — D(b° ®L ¢) and the first argument derived bimodule extension functor L((¢1);) :
D(b% ®" ¢) — D(b° ®L ¢’). Let F be as in the statement of the lemma and put
F = ¢} (F). Consider the Yoneda embeddings y. : H’(¢) — D(¢), yo : H'(¢/) — D(¢"),
the (derived) restriction functor ¢* : D(¢") — D(¢) and the derived extension functor
L(¢)) : D(¢) — D(¢’), for which we have

(15) L(¢)yc = yeH"(¢)

in D(¢% ®" ¢’). Consider F € RHom(b, ¢’) as in the statement of the lemma. We consider
F :b — D(¢’) and H(F) : H°(b) — D(¢’). Since F is a quasi-functor, there exists
f : H°(b) — H(¢’) with H(F) = y. f (note that we usually denote H°(F) = f for
quasi-functors, but we refrain from doing so within this proof). By assumption, there exists
g : H'(b) — H(¢) with

(16) H(p)g = f.
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Using (15) and (16), we thus have

(17) H(F)=yof = yeH(¢)g = L(¢1)ycg
and
(18) HY(F) = ¢"L(¢1)yg = yeg

where in the last equation we have used that ¢ is quasi-fully faithful. Equation (18)
already shows F to be a quasi-functor. Comparing the expressions (17) and (18), we
see that H'(F) = L(g)H°(F) canonically. From this, one readily deduced that the
canonical natural transformation h, ®- F = L((¢1)1)¢](F) — F is an isomorphism in
H°(RHom(b, ¢')), as desired. o

Corollary 3.24. Consider a small dg category b and a dg category C. Let a be a cardinal
with a < |U|.

(1) If C is homotopically a-cocomplete, then so is RHom(b,C). Moreover, on the
level of induced functors between the H'-categories, coproducts are pointwise: for
an a-small family (F;);c; with F; € H*(RHom(b, C)) with coproduct |1; F;, the
functors HO(F;), H(11; F;) : H°(b) — H°(C) are such that

H(C)
H( [F® = ] HFE)B).
i i
(2) If C is homotopically cocomplete, then so is RHom(b, C), and the coproducts are
pointwise on the level of induced functors between the H-categories.

Proof. Clearly, (2) is the case @ = |U] in (1). Suppose C is homotopically a-cocomplete
for @ < |U]|. Let B be a universe such that 2 € B and C is B-small. Then B-RHom(b, C)
is constructed as an essentially B-small dg category which is a U-category, and « is a
B-small cardinal. For Y7 : C — B-D,(C) we have a canonical morphism

Yg : RHom(b, C) — RHom(b, B-D,(C))

which is quasi-fully faithful [32, Cor 6.6]. Since the codomain is B-well generated by
Theorem 3.22 and hence B-cocomplete, it suffices to show that H(RHom(b, C)) is closed
under a-small coproducts in H°(RHom(b, B—-D, (C))).

Let (F; € RHom(b, C));<; be an a-small collection of objects. We may assume that b is
cofibrant and that we have dg functors f; : b — C with F; = Y¢ fi forYe : C — B-D(C).

We will consider the functors F;* = Y f; as representatives of the objects ?g(Fi) €
RHom(b, B-D, (C)) (where we refrain from writing the composition with a further Yoneda
embedding in order to obtain the associated bimodules).

Consider the canonical quotient of dg B-categories Q : B-D(C) — B-D,(C) and
the induced quotient

0 : RHom(b, B—-D(C)) — RHom(b, B—D,(C)).

The coproduct of the objects F* € H°(RHom(b, B-D,(C))) is given by F = O(][; F;) =
Qo l; F; for F; € H*(RHom(b, B-D(C))) = B-D(b® ® C). By Lemma 3.23, it suffices
to show that H?(F) factors through HO(YCQ” ). To see this, we compute
B-D(C) B-Da(C)
0 ~
(19) HEB) =0 [ | )= ] hew =i 50

i i
where we have used the characterisation of the a-cocontinuous derived category from
Remark 3.14. The computation (19) also demonstrates the additional claim. O

Corollary 3.25. Consider dg categories A and B. Let « be a cardinal with « < |U].
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(1) If A and B are homotopically a-cocomplete, then so is RHomy (A, B). Moreover,
on the level of induced functors between the H-categories, the a-small coproducts
are pointwise. If in addition B is pretriangulated, then so is RHom, (A, B).

(2) If A and B are homotopically cocomplete, then so is RHom¢ (A, B). Moreover,
on the level of induced functors between the H-categories, small coproducts are
pointwise. If in addition B is pretriangulated, then so is RHom¢ (A, B).

Proof. Again, (2) is the case @ = |U] in (1). Let B be a universe with U € B and such that
A and B are B-small. Then @ < |B|. From Corollary 3.24 we know that RHom (A, B) is
homotopically a-cocomplete. In order to prove that H*(RHom,, (A, B)) is a-cocomplete
it is enough to show that it is closed under e@-small coproducts in H?(RHom(A, B)).
Consider an a-small family (F;);c; in H*(RHom, (A, B)). By Corollary 3.24, we have
that
H°(RHom(A,B)) HO(A) H'(8) HO(A)
H° [T &l LAz []#@E| ][] a
i J i J

for all a-small families (A;);es of elements of HO(A). From the fact that the F;’s are
a-cocontinuous we have that

H(8) HO(A) H°(8) H(8) H(8) H(RHom (A, B))
L] #E| ] arl= 1] [] #Ean=1](# ] F|@n|
i J j i J i

which proves that ]_[flo(RHom(ﬂ’B) ) F; belongs to H*(RHom,, (A, B)) as desired.

Now assume that B is pretriangulated. By [9, Rem E.2 & E.4], we know that
RHom(A, B) is also pretriangulated, with the triangulated structure inherited from that of
D(B ®"“ A). It is then enough to show that H*(RHom, (A, B)) € H(RHom(A, B)) is
atriangulated subcategory. Take F € RHom, (A, B) and consider its shift F[1] when seen
in the triangulated category H’(RHom(A, B)). We prove that F[1] is a-cocontinuous.
Indeed, for any small family (A;); of objects of A, we have that

HO(A) HO(A)

O[] =[] [ ] 4|

i i

HO(B)

] #Fan]n

i

H(B)

| | @ Fyann

L
H[)(B)

[ | @i,

L

where in the first and last equalities we use the fact that triangulated structure in H*(RHom(A, B))
is inherited from the canonical one in D(8 ®" A%), in the second equality we use that F is
a-cocontinuous and in the third equality we use that shifts commute with coproducts. Now
consider an exact triangle

F—F — F’"— F[1]
in H*(RHom(A, B)), where F, F’ € H*(RHom,, (A, B)). Given an a-small family (A;)
of elements in Ho(ﬂ), for all i we have the exact triangle

200 HY(F)(A) —— HY(F)(A;) —— H(F")(A;) — H(F)(A)[1]
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in H'(8). Observe now that we have the following diagram with rows exact triangles:

0 HO(A) 0 HO(A)
HY(F)| O A - H'(F")[ I A

HO(A)
-+ H(F)[ 1 A

H(8) H(8B) H'(8B) H(8)
U HY(F)(A) — L HY(F)(A) — L H'(F")(A) — 1 H(F)(A)[1]

0 HO(A)
> H'(F)| 1 4[]

where the exact triangle below is the coproduct of the family of exact triangles from
(20) above, and the vertical equalities are given because both H*(F) and H?(F’) are
a-cocontinuous by hypothesis. By the axioms of triangulated categories, we have that

H()(ﬂ) H(](B)
HO(F") ]_[ Al = ]_[ HO(F")(A;).
i i

Hence F” € RHom, (A, B), which concludes the argument. O

3.6. The cocontinuous internal hom of well generated dg categories. In this section we
prove that for well generated dg categories A and B, the dg category RHom, (A, B) is
again well generated.

Remark 3.26. Let b be a small dg category and consider the associated dg Yoneda
embedding Yy : b — D(b). From this point on, we will abuse notations and write
Yy = hy, € RHom(b,D(b)). In the same lines, if b is homotopically a-cocomplete
and Y : b — D,(b) is the corestriction of the Yoneda embedding, we will write
Yy = hy; € RHom(b, Do (D)).

The following result extends Toén’s derived Morita theory (the case C = D(¢)) from [32,
Thm 7.2] (see also [6, Corollary 4.2]).

Proposition 3.27. Let b be a small dg category and C a well generated dg category. We
have that the dg functor

21) - ®“Yy : RHom(D(b), C) — RHom(b, C).

is a quasi-equivalence, where Yy € RHom(b,D(b)) is the dg Yoneda embedding (see
Remark 3.26). Therefore, RHom¢(D(b), C) = RHom(b, C) in Hge.

Proof. If C = D(¢), the theorem reduces to derived Morita theory. In order to pro-
vide the proof for C an arbitrary well generated dg category, we will build upon the
proof of [6, Corollary 4.2]. Consider C a well generated dg category. In particular,
by Theorem 3.17 there exists a small dg category ¢, a quasi-fully faithful dg functor
i : C — D(¢) and a bimodule ¢« € RHom¢(D(c),C) such that @ 4o i and hence

in particular, a ®15( gl = Idc € H°(RHom(C,C)) by Remark 3.10. This implies that
[a]iso © [i] = Id¢ in Iso(H*(RHom(C, C))) = [C, C] (see Proposition 2.2), where [a]iso
denotes the isomorphism class of [a] € H*(RHom(C, C)).

First, we prove that, for every well generated dg category C, the map
(22) [D(b),Clc — [b,C] : f = fo V3]

is a bijection, where [—, —] indicates the subset of morphisms in Hge such that the induced
morphism between the homotopy categories preserves coproducts.

We first prove surjectivity. Consider g € [b, C]. Then, [i]og € [b, D(¢)] and by derived
Morita theory, there exists f € [D(b), D(¢)]¢ such that f o [Y3] = [i] o g. Consider now
[aliso © f, which belongs to [D(b), Cl¢. Then, [aliso 0 f o [Ys] = [a]iso © [[] 0 g = g, which
proves surjectivity.
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In order to prove injectivity, one can follow a very similar argument to that of the proof of
[6, Prop 3.10] in which a first step towards the proof of derived Morita theory is provided. We
provide the details here for convenience of the reader. Consider fi, f> € [D(b), C]. such that
fielYs] = f2o[Ys]. By composing with [i], we have [i]o fio[Yp] = [i]ofr0[Ys] € [b, D(¢)].
It follows from [6, Prop 2.11(3)] that there exists a dg category A and a quasi-equivalence
I: A — D(b) such that f; = [F;] o [I]™! with F; : A — C a dg functor fori = 1,2.
Consequently, we have that [i] o f; = [i o F;] o [I]™! for i = 1,2. We denote by a
the full dg subcategory of A such that I’ := |, induces a quasi-equivalence of a with
the full dg subcategory grep(b) of D(b) and by J : a — A the inclusion. We write
G;=F;oJ:a— Cfori=1,2. We hence have, fori = 1, 2, the following commutative
diagram

D(b) +L— A s p(o).

(23) ,/:f JT /G'

arep(b) <—=— a
Following the notations of [6, §3.1], we consider the extension of i o G;:
i oG, : dgMod(a) — dgMod(c) : X — E; @~ X

where E; € dgMod(¢ ®" a®) is the bimodule corresponding to the functori o G; : a —
D(c¢), and the restriction of i o G;:

i o G; : dgMod(¢) — dgMod(a) : X + dgMod(c)(i o G;(-), X).

By [6, Prop 3.2], we have that H O(i/o_gi) is cocontinuous and it is easy to check that i/OEi
restricts to a dg functor D(a) — D(¢), because i o G;(a) € D(¢). In addition, we have the
adjunction i o G; A i?gi.

From the discussion above, we have that

ioGilo[I'l =[ioFlo] " o[J]=[ioF]o[I] o[J]=[ioGalo[I']",

and hence [i o G1] = [i o G;]. From [6, Lem 3.9] if follows that [i’ga] = [m].
Consider now the restriction functor J* : dgMod(A) — dgMod(a) : X +— X o J and
the composition K := J* o Y. From the proof of [21, Prop 1.17] it follows that H(K) is
cocontinuous and one has that K(J(a)) = Y,(a) € D(a).
Now observe that i o G; oi o F;(A) = D(¢)(i o Gi(-),i o F;(A)) for all A € A, and
hence we have the following natural transformation y : K — i‘o-(i?i o i o F; induced by
ioFj:

va:K(A)=AJ(-),A) — D(¢)(io F; 0 J(-),i o F;(A)) = ioGjoio F;(A).

By adjunction, we have a natural transformation S : ifa o K — i o F; with the property
that H%(3) |7 (a) 18 an isomorphism, where H°(J(a)) forms a compact generator of the well
generated triangulated category H%(A). Consider the functor ®, : D(¢) — grep(C)
associated to a € RHom¢(D(¢),C). By composing with @, we obtain a natural trans-
formation @ : ®, o i/oa oK — @, oio F; such that Ho(a)|J(a) is an isomorphism.
Then, we have that H(C) is well generated, H°(®,), H%(i o G;) and H°(K) are co-
continuous, and so is H*(®,) o H°(i) o H°(F;) = H°(F;). Consequently, by the same
argument of [6, Rem 2.4], we have that « is a termwise homotopy equivalence, and hence
[aliso © [ © Gi] o [K] = [aliso © [i] © [F;] = [F;] fori = 1,2. Now, as [i 0 G;] = [i o Ga],
we obtain that [ F] = [F,]. This finally implies that f; = f> as desired.

Now, define [D(b) ®" a, C]. as the subset of [D(b) ®" a, C] consisting of elements f
such that HO(f)(—, A) preserves coproducts for all A € a. Then, we have the following
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commutative diagram induced by the Yoneda embedding Y3 : b — D(b):

[-® Yo

[a, RHom¢(D(b),C)] ———— > [a, RHom(b, C)]

ET ET

(24) [D(b) & a.C]! [a®"D,C]

[D(b), RHom(a, C)], — 1 [b, RHom(a, C)],
where the vertical arrows are induced by the ®"-RHom adjunction in Hge. As RHom(a, C)
is well generated by Theorem 3.22, we have that the lower horizontal arrow is a bijection
by the discussion above, and thus so is [- ®" Y3] o —. Then, using Proposition 2.3 we
can conclude that [— ®" ¥3] is an isomorphism in Hqge, proving that — ®" Y3 is a quasi-
equivalence, as desired. O

Proposition 3.28. Let b be a homotopically a-cocomplete small dg category and C a well
generated dg category. We have that the dg functor

(25) — ®"Y{ : RHom¢(D, (b),C) — RHom, (b, C)

is a quasi-equivalence, where Y, € RHom(b, D, (D)) is the corestriction of the dg Yoneda
embedding (see Remark 3.26). Therefore, RHom (D (b), C) = RHom, (b, C) in Hage.

Proof. First recall that we have a dg Bousfield localisation a g0 i : Do (b) 2 D(b). One
can easily see that a ®]|5(b) Yy € RHom,, (b, D, (b)) is @-cocontinuous and it is isomorphic
in H'(RHom,, (b, D, (b))) to the corestriction of the Yoneda embedding Yy : b — Du(b),

which can be easily deduced from the fact that ¥y =i o Y. Hence, we have that
i®ga(b) a ®g(b) Yy = Yy € H*(RHom(b, D(b))).
We are going to show that, for any well generated dg category C, the map
(26) [Da(D),Clc — [b,Clo = f ¥ fo[aliso © [Yb]

is a bijection, where [—, —]¢ (resp. [—, —] ) indicates the subset of morphisms in Hge such
that the induced morphism between the homotopy categories preserves small coproducts
(resp. a-small coproducts). Given fo[aliso[Ys] = f o[aliso°[Ys], then, by derived Morita
theory, as both fo[alise and f”o[a]iso are cocontinuous, we have that fo[aliso = f o [a]iso-
Consequently,
f=folalisoo [iliso = f" © [aliso © [i]iso = f/,

which proves injectivity.

Next, consider g € [b,C],. Then, by derived Morita theory, there is an element
f € [D(b),C]c such that f o [V3] = g. We are going to show that f factors through
[aliso € [D(B),Dq(b)]c. Indeed, by the description of the kernel of H°(a) provided in
Remark 3.14 and the universal property of the dg quotient (10), f factors through [a]jso if
and only if

H%f)(L[ Yo(Bi)) = H°<f)<Yb<u Bi),

where [ [; B, is seen in H(b), for all @-small coproducts. But this condition is readily seen
to be satisfied taking into account that f is cocontinuous and f o [Y3] = g is @-cocontinuous,
and hence
f=tolaliso-
In addition, ¢ is also cocontinuous by the universal property of the dg quotient (10), that is
1 € [Da(D), Cle.
Now, observe that
tolalisoo [Yo] = fo[Vs] =g,
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which proves surjectivity.
Now, we define [D, (b) ®" a, C], as the subset of D, (b) ®" a, C] consisting of elements
f such that H°(f)(—, A) preserves coproducts for all A € a. We define analogously
[b ®" a,C]’, as the subset of [b el aq, C] consisting of elements f such that HO(f)(—, A)
preserves a-small coproducts for all A € a. Then, we have the following commutative
diagram induced by the dg functor ¥y : b — D4 (b):
[—®LYb']o—

[a,RHomg (D, (b),C)] ———— > [a,RHom, (b, C)]

27 [D.(b) & a.C]; [bela.C|)
[Da (8), RHom(a, C)], —2=2% [, RHom(a,C)],
b

where the vertical arrows are induced by the ®"-RHom adjunction in Hge. As RHom(a, C)
is well generated by Theorem 3.22, we have that the lower horizontal arrow is a bijection,
and hence so is [- ®" Y;] o —. Therefore, using Proposition 2.3 we can conclude that
[- ot Y;] is an isomorphism in Hage, as desired. O

Before proving the main result of the section, we will need the following lemma.

Lemma 3.29. Let A be a well generated dg category and consider a small family of
full well generated pretriangulated dg subcategories {B;}ic; of A closed under homotopy
coproducts. Then (; B; is a well generated pretriangulated dg subcategory of A.

Proof. Observe that H*(N; B;) = (; H*(B;) is a triangulated subcategory of A, and
hence (); B; is a pretriangulated dg subcategory of A. It is thus sufficient to show that
H°(N; B;) is well generated. By hypothesis, we have that H°(A) is well generated and
that, for all i € I,LH*(8B;) ¢ H(A) is a localising subcategory generated by a set of
objects. Consequently, ;c; H*(B;) = H(N;e; B:) is also a localising subcategory of
HO(A) generated by a set of objects [11, Lem 3.2]. We can conclude by applying [17, Thm
7.2.1] that H(); B;) is well generated. O

Remark 3.30. The proof of the following theorem is a dg parallel of the argument followed
in [2, Thm 2.60] in order to prove that the category of models of a sketch taking values in
an accessible category is again accessible.

Theorem 3.31. Let A, B be two well generated dg categories. Then RHom¢ (A, B) is well
generated.

Proof. By Theorem 3.17, we can choose a cardinal @ such that A = D,(a) for a a
homotopically a-cocomplete small dg category. We can further assume that a is cofibrant.
By Proposition 3.28, it is enough to prove that RHom, (a, B) is well generated. Consider
the small family A = {(A;);e; | A; € a,]I| < a} of all @-small families of objects of a.
Given A = (A;);e; € A, denote by &, the full dg subcategory of RHom(a, B) with objects F
such that the canonical morphism [ [#° HO(F)(A;) — HO(F)(L1¥’ A;)is an isomorphism
in H°(B). Observe that RHom, (a, B) = (N ex E1. We claim it is enough to prove that
&, is well generated for each A. Indeed, we know by Theorem 3.22 that RHom(a, B)
is well generated, and one can readily check following the same argument of the proof
of Corollary 3.25 that &, are pretriangulated dg subcategories of RHom(a, 8) closed
under homotopy coproducts. Hence, by Lemma 3.29, if &, is well generated for every
A € A, we can conclude that ()5 €, is a well generated pretriangulated dg subcategory
of RHom(a, B).
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It hence remains to prove that &, is well generated for every A € A. In order to show this
we will prove that &, is a homotopy fiber product of a cospan diagram of well generated dg
categories with cocontinuous dg functors. This allows us to conclude using the fact that the
homotopy category of well generated dg categories (i.e. locally presentable dg categories)
with cocontinuous morphisms is closed in Hge under homotopy limits (see the proof of
[33, Lem 3.3] or [29, Rem 6.2.2]).

Fix A = (A;);er € A and consider the family of canonical morphisms s; : A; — LLHO A;
in H%(a). We fix a family r; : A; — UIHO (A;) in Z%(a) lifting the s;. Consider the dg
category Ary with two objects X, X’ and morphisms Arg(X, X) = klx, Arg(X’, X') = klx-,
Arp(X’, X) = 0 and Arp(X, X’) = kx with x a morphism in degree 0. We introduce the
following dg functors:

e We define the dg functor C : RHom¢(D(a), 8) — RHom(Ary, B) as follows.
For any F € RHom.(D(a),8) we associate the quasi-functor C(F), that as
a dg functor ®¢(F) : Argp — qrep(B) is given by assigning to X the object
D (L; ha,) € arep(B), to X’ the object (IDF(hUHo ) € qrep(8B) and to x the

morphism ®f (can,) where cany : [[; ha, — £ Ho A is the canonical morphism

i

in D(a) induced by A,,. In order to lighten the notatlons from this point on and
for the rest of the proof we will not distinguish between right quasi-representable
bimodules F and their associated dg functor ®r. Given a morphismy : F — G,
we associate to it the following natural morphism C(y) in RHom(Arg, B):

C(F)(x)=F (cana)

F(LL; ha,) > Flhym )

YX=YU; ha. YX'=Yh
L; A,l l UFOAi

C(G) (x)=G (cany)

G(L; ha,) = Glhy o, ).

already seen inside qrep(8). We will denote this morphism by (y|j, 1 a2 Yh ),

and from now on we will follow this notation for morphisms in RHom (Ary, B) In
particular, if ¢ € RHom(Arg, B), we write ¢ = ($1, 7).

e We define the dg functor I : grep(8) — RHom(Arg, B) given by associating to
each B € qrep(8B) the quasi-functor with constant value B and such that I(B)(x) =
Idp. We define I on morphisms in the natural way.

HOA

We are going to show that &, is the homotopy limit of the following diagram

arep(8)

I

RHom, (D(a), B) —= RHom(Arg, B).

This will allow us to conclude. Indeed, B is a well generated dg category and hence so
is grep(B) because they are isomorphic in Hge. In addition, by Proposition 3.28 we have
that RHom¢(D(a), 8) = RHom(a, 8) in Hge. Consequently, as a direct consequence of
Theorem 3.22, we can conclude that RHom.(D(a), 8) and RHom(Arg, 8) are also well
generated dg categories. Furthermore, both I and C are easily seen to be cocontinuous.

In [3, §4] a model for the homotopy limit in Hge is described using path objects. In
what follows we will construct a quasi-equivalence from this concrete model to &,. Let
us begin with describing the model for £ := RHom¢(D(a), B) X grep(8B). The
objects of P are given by

RHom(Arp, B)

{(F, B.¢) | F eRHom(D(a), B), B € qrep(B), ¢ € RHom(Ary, B)°(C(F),1(B)),

¢ is closed and becomes an isomorphism in H°(RHom(Ary, B))}.



ON THE TENSOR PRODUCT OF WELL GENERATED DG CATEGORIES 22

The morphisms of degree n are given by

P"((F1, B1, ¢1), (F2, B2, $2)) =
RHomc(D(a), B)" (Fi, F,) & arep(B)" (B1, B,) ® RHom(Arg, B)" "' (C(F}), 1(By)).

Given a morphism (y, u,v) : (F1, By, ¢1) — (F», By, ¢;) of degree n and a morphism
(y',u1',v") : (F2, By, ¢2) — (F3, B3, ¢p3) the composition is provided by

Yo V) wv) = Yy w, (D)™ Cy) + 1 (1))

and the differential is given by

d(y,pu,v) = (dy,du,dv+ (=1)"(¢2C(y) = 1()¢1)).

We first show that if (F, B, ¢) € P, then the quasi-representable bimodule F QLY €
RHom(a, B) lies in &,. Indeed, because ¢ : C(F) — I(B) is a homotopy equivalence, we
have that H?(F(can,)) is an isomorphism and, because F is cocontinuous, the canonical
morphism LLHO (H°(F)(ha,)) — H(F)(L1; ha,) also is. Therefore, the composition

HO(F (cany))

L (HO(F) (ha,)) ———— H(F)(LL; ha,) = HO(F)(hyyo )

is an isomorphism, and thus we can conclude that the canonical morphism

H() H()

| [(H(F&" vy — HO(F &-¥)(] |4

is an isomorphism as well, proving the claim.

We define a dg functor S : P — &, as follows. To every (F, B, ¢) € P we associate
F®"Y € &, and to every morphism (y, i, v) € P((F, B, ¢), (F', B’, ¢')) we associate the
morphism y ®“Y € E,(F &Y, F’ ®“Y). It is readily seen that this is indeed a dg functor.
To conclude, it is enough to show that S is a quasi-equivalence.

We first show that S is quasi-essentially surjective. We know from the proof of Propo-
sition 3.27 that the dg functor

RHom(D(a), 8) — RHom(a,B) : F— F oY

is a quasi-equivalence. Consequently, given G € H°(E,) ¢ H°(RHom(a, B)), we can
choose an F € H*(RHom¢(D(a), B)) such that there is an isomorphism ¢ : F @* Y — G
in H°(RHom(a, B)). It is then easy to check that F(can,) induces an isomorphism in
H°(qrep(B)). Denote by ¢ € RHomO(Aro,B)(C(F),I(G(]_[f’o A;))) the closed mor-
phism of degree 0 given by (¢ o F(can,), ), where ¥ is a 0-cycle lifting the isomorphism

H° HO

Uygpo ,  F O Y(U Ap) — G(L[ Ar)

in H%(qrep(8)). Observe that ¢ becomes an isomorphism in H°(RHom(Arg, 8)). There-

fore, we have that (F, G(]_[,H ’ A;), ¢) belongs to P, and it is easy to see that, seen as an
object in HO(P), it is sent to G € H°(&E,), proving that S is quasi-essentially surjective as
desired.

We now show that S is quasi-full. Consider oo € Z"(EL)(S(F, B, ¢),S(F’,B’,¢’)) =
Z"(EN(F Y, F' @ Y). As &, is a full dg subcategory of RHom(a, 8) and — @ Y :
RHom¢(D(a), B) — RHom(a, B) is a quasi-equivalence by Proposition 3.27, we have
that there exists a 0’ € Z"(RHom¢(D(a), B))(F, F’) such that H" (- ®“Y)([c’]) = [c].
Next observe that, because [¢] € H°(Arg, B)(C(F),1(B)) is an isomorphism, we can
consider a 0-cycle ¢ € RHom(Arg, B)(I(B), C(F)) such that [/] = [¢]~!. Therefore,
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there exists an @ € RHom™ (Arg, 8)(C(F), C(F)) such that d(a) = Idc(r) — Y. We
define u € gqrep(8B)(B, B’) as the composite

(ri_[ih ) &
B —"s F(I; ha) ——2 F/(Lliha) ——— B,
and v € RHom" ! (Ary, B)(C(F), 1(B’)) as the composite

c(F) —2 c(F) <2 c(Fy —2 1(B)).

We claim that (¢o/, u,v) € Z"(P)((F, B, ¢),(F’,B’,¢’)). Indeed, we have that
d(o ) = d (.10, U1, =(#C(0)a)
= (o, 0,-d(¢'C(c")a) + (-1)" (¢/c(o-') - 1(¢)07], hAl_:/q)¢))
=(0,0,=(=1)"¢'C(c)d(a) + (-1)" (¢'C(c’) = ¢'C (") ¢))
= (0,0, =(=1)"¢'C(c")(Mdc(r) =9 ¢) + (=1)"¢'C(c”) (Idc(r) — ¥9))
=(0,0,0),

where the third equality follows from
110}, 1y, 008 = (8101 1, ¥161. 8101, 0162)
= (6107}, 0101, B1F (can)or], , v162)

= ((1510'1'1,. ha, Y1015 ¢§0—;1UHOA- F(Caﬂ/l)l//1¢2)

i

- (¢10'£IihAilﬁ1¢1,¢§0'[luHo N lﬁ2¢2)

=¢'C(a)y¢.
By construction, one readily sees that [(o’, u,v)] € H*(P)((F,B,¢),(F',B’,¢")) gets
sentto [o] € H*(E,)(F @“Y, F’ ®-Y) via H"(S), proving that S is quasi-full as desired.
To finish the argument, it remains to show that S is quasi-faithful. Consider (y, u,v) €
Z"P((F,B,¢),(F',B’,¢")) such that [(y,u,v)] € H*P((F, B, ¢), (F’, B’, ¢")) gets sent
to 0 via
H"P((F.B.¢).(F'.B’.¢)) > H'E(F®"Y,F' @"Y).
In what follows, we denote by ¢ € RHom®(Ary, B)(C(F),F(h
morphism (F(can,), Idr
i

LA A,-)) the natural

.o ). Notice that ¢ is closed and induces an isomorphism
HY 4,

in H°(RHom(Arg, B)). First, one observes that the morphism
(Idg, ¢2,0) : (F, F(h]_[HO Ai)’ ¢r) — (F,B, $)

is a homotopy equivalence by using the characterization of homotopy equivalences in P
provided in [3, Lem 4.2]. Consequently, in order to conclude that [(y, i, v)] = 0 is enough
to show that [(y, i, v)(Idg, ¢2,0)] = 0. We have that

(v 1) g, 2,0) = (7, ua, (~1)°vCAdp) + I(11)0) = (v, ug2, )
in Z"P((F, F(hU_Ho Al), or), (F',B’,¢")). Therefore, it suffices to show that there exists

an (@, 8,6) € PPV ((F, F(L A, ¢r), (F', B', @) such that d(@. B,5) = (7, g2, v).
First observe that [y ®“Y] = 0in H"&E,(F @Y, F’®"Y) by hypothesis, and hence, [y] = 0
in H"(RHom¢(D(a), B))(F, F’). Thus, there exists an element @ € RHom,(D(a), B8))*" ' (F, F’)
such that da = y. Our candidate (a, 8, §) is going to be («, ¢§ahuHO Lt (=1)"v,,0). First

i
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we compute dvy. As (y, i, v) is a n-cycle, we have that d(y, u, v) = 0, in particular, this
implies that 0 = dv + (=1)"(¢’C(y) — I(u)¢), that is

(dvi,dva) = [ (=" (=171, ha, + H1), (_1)n(_¢§7hUH°A. +ud2)| .

Making use of this, we can compute now:
dIB = d(¢éahuH()Ai + (_l)nVZ) = ¢37huﬁo A + (_l)ndVZ

= %”’UHOA + (—l)n((—l)"(—%?’huyom + 1g2))

= pé.
Consequently, we have that

d(a’ﬁ’ 6) = d(a’ ¢éa{h]_l _ + (_l)nVQ’ O)

HO 4
L

= (%uqﬁz, (1" (@C@) = 1(@han o +(=1)"V2)or) .

HO 4
1

where the last component is given by:

(=D"(¢'C(a) - 1(¢£ahuHoA‘ +(=1)"v2)ér) =

i

= 1" (a1, = S Fleang) = (<1)v2F (cang),

i

’ ’
$20n o P2 o (—1)"1’2)
L

i i t

= (-1)"! (¢ia,]_lihAi - ¢éahuHoA'F(can/l) — (=1)"v2F (cany), —(—1)"V2)

= (1" (@101, = B0, e, = (<11, =(=1)"7)
= (=D)"" (=(=D)"vi,=(=1)"v2) = (vi,v2) = v
We hence have that d(a, B8, 6) = (y, u¢,, v) as desired. O

4. THE WELL GENERATED TENSOR PRODUCT

Let Hae,,4 denote the subcategory of B-Hqge given by the B-small U-well generated dg
categories with cocontinuous quasi-functors. Up to equivalence, Hge, is easily seen to be
independent of the choice of B.

Definition 4.1. Let A and B be well generated dg categories. A well generated tensor
product of A and B is defined as a well generated dg category A ® B such that for every
well generated dg category C, the following universal property holds:

(28) RHom (A ® B, C) = RHom. (A, RHom¢(B, C)).

As a consequence, by Theorem 3.31, if we can show that the tensor product of well
generated dg categories exists, the resulting monoidal structure on Hge,q is closed.

Remark 4.2. Note that the situation is different from the one for Grothendieck categories.
As shown in [20, Thm 5.4], the tensor product of locally presentable k-linear categories is
closed under Grothendieck categories, but the natural inner hom of cocontinuous functors
between locally presentable categories is not (as follows for instance from [28, Rem 6.5]).
However, by Corollary 3.18, the distinction between locally presentable categories and
localisations of module categories does not exist on the derived level, whence this subtlety
vanishes. An in depth study of the nature of morphisms categories between abelian
categories is the topic of an ongoing joint project with Michel Van den Bergh.
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The rest of the paper is devoted to proving that the well generated tensor product exists
(Theorem 4.14), and providing various constructions using localisation theory. In particular,
§4.2 and §4.3 discuss the relation between the tensor product and the dg quotient, in §4.4
the tensor product is described in terms of localising subcategories of dg derived categories,
and in §4.5 the tensor product is described in terms of their Bousfield localisations.

We start with some considerations regarding the internal hom in two variables in §4.1.

4.1. Considerations in the two variable setting. We devote this section to prove that both
(a-)cocontinuity and annihilation of classes of objects behave suitably with respect to the
monoidal structure. From now on, and for the rest of the paper, we will make implicit
use of the fact that for every homotopically cocomplete small dg category, we can pick
a cofibrant replacement in Hge which is also homotopically cocomplete (homotopically
cocompleteness is preserved under quasi-equivalences) and this cofibrant replacement is
the identity on objects (see Proposition 2.1 above).

Let A, B,C be dg categories. Consider a right quasi-representable bimodule F €
RHom(A & B,C) and observe that the dg module F € dgMod(C ®" A% &L BP)
with evaluations F(C, A, B) gives rise on one hand to a bimodule F4 = F(—,A,-) €
dgMod(C ®" B°) for every A € A and on the other hand to a bimodule Fg = F(—, —, B) €
dgMod(C ®" A°P) for every B € B, and according to (5) these are all right quasi-
representable.

Definition 4.3. We call F € RHom(A ®" B, C) right cocontinuous provided that ev-
ery Fp is cocontinuous, left cocontinuous provided that every F4 is cocontinuous, and
bicocontinuous provided that it is left and right cocontinuous.

We denote by RHom, (A & B,C) € RHom(A &" B, C) the full dg subcategory of
bicocontinuous modules.

Given a regular cardinal «, the notions of left-, right- and bi-a-cocontinuous are defined
similarly. In particular, we denote by RHom,, (A ®" B,C) < RHom(A &' B, C) the
full dg subcategory of bi-a-cocontinuous right quasi-representable bimodules.

Definition 4.4. Consider Nz a class of objects in A and Ng a class of objects in B.
With the same notations as above, we say F € RHom(A &" B, C) biannihilates (N7, Ng)
provided that every F4 annihilates Ng and every Fp annihilates Ng.

We denote by RHom s (A ®° B, C) € RHom(A " B, C) the full dg subcategory
of right quasi-representable bimodules that biannihilate (Ng, Ng).

Similarly, we denote by RHom ¢, pr), (e, A) (A ®° B,C) € RHom(A ®" B, C) the full
dg subcategory of bicocontinuous right quasi-representable bimodules that biannihilate
(Na, Ng).

We include the proof of the following statement for the convenience of the reader.
Lemma 4.5. Let a < |U| be a regular cardinal. The following hold:

(1) For homotopically cocomplete dg categories ‘A, B and C, we have that the equiv-
alence (5) restricts to:
(29) RHom, (A ®" B, C) = RHom, (A, RHom, (B, C))

(2) For homotopically a-cocomplete dg categories A, B and C, we have that the
equivalence (5) restricts to:

(30) RHom,_, (A ®" B,C) = RHom,, (A, RHom, (8, C))

(3) For homotopically cocomplete dg categories A, B and C and sets of objects Nz
in A and Ng in B, we have that the equivalence (5) restricts to:

(31) RHom ¢ n). (c. ) (A ®° B, C) = RHomg v/, (A, RHomg p, (8,C))
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Proof. Observe that (1) is the case @ = || of (2). We prove (2). First we show that for any
F € RHom, (A 8" B,C) € RHom(A ®" B, C) the image of F via (5) is an element of
RHom,, (A, RHom, (8B, C)). If we denote by F the image of F in RHom (A, RHom(38, C))
via (5) we have that F(A) = F,4 factors through RHom,(8,C) € RHom(8B,C) by
hypothesis. We hence have that F' belongs to RHom(A, RHom,(8B,C)). Let’s now
show that F' actually belongs to RHom,, (A, RHom, (8, C)). Let {A;};c; be an a-small
family of objects in A. By definition, we have that

HO(A)
(32) HO(F) ]_[ Ar|=F o € H’(RHom, (8B, C)).
iel 1

iel
For all i € I we have a natural morphism

Ho(fﬂ)
(33) Foon , = HOEC| | 4 — HOF)(A) = Fa,

iel
in H*(RHom,, (8B, C)), and hence we have the natural morphism

H(RHom, (8,C))
(34) U Fa, — FUZ?(?() A
iel
in H°(RHom,, (8, C)), induced by the universal property of the coproduct. We claim that
this morphism is an isomorphism. Indeed, observe that for all B € B, we have

H°(RHom,, (8,C))
H° [ Falm)=

iel

H(C) H°(C) HY(C)
G =[] #HEN® = || HF@AB) = || H(Es)A) =
iel iel iel
HO(A) HO(A)
_ g0 |l = o . _ —_ 0
= H'(Fp) !?I[ Ai|=H|F !a[ AinB,—||=H (Ful,:(;(ﬂ)Ai)(B),

functorially in B € B, where the first equality follows from Corollary 3.25 and the fourth
from the fact that Fg € RHomy (A, C). It follows that (34) is an isomorphism. Conse-
quently, we have that

(36)
H(A) H°(RHom, (8,0)) H°(RHom, (8,0))

0(F N = = - O FV( A

HO(F)( ]—,[ A = Fyoen = ]—,[ Fa, ]—,[ HO(F)(Ai)

in H(RHom, (8, C)), as desired.

To conclude it is enough to prove that for any F € RHom(A &' B, C), if its image F via
(5) belongs to RHom,, (A, RHom, (8B, C)), then F lies in RHom,, o (A ®" B,C). Take
such an F. By definition, for every A € A we have that

F(A) = F4 € RHom, (8, C),
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which proves the a-cocontinuity of F4 for all A € A. Let {A;};e; an a-small family of
objects in A. For every B € 8 we have that

HO(A)
H°(Fp) ]_[ A |=

iel
HO(A) HO(A)
=H|F ]a[ A,-,B,—)):HO (Fugm)Ai)(B)=H° H(F) ]?11 A,~))(B)=
H(RHom, (8,C)) H(C) H'(C)
=H’ 1] H%F)(A,-))(B): || @ FEB) = || HFs)(an,
iel iel iel

where the fourth equality uses the fact that F € RHom,, (A, RHom, (8B, C)) and the fith
follows from Corollary 3.25. This proves the a-cocontinuity of Fg for all B € 8. We can
thus conclude that F € RHom,,_ (A ®" B, C) as we wanted to show.

We prove (3). It is enough to see that the isomorphism (29) in Hge constructed above
restricts to an isomorphism (31). Let F € RHom (). (c.ng) (A ® B, C) and denote by
F its image in RHom (A, RHom¢ (8B, C)) via (29). Then we have that

HO (HO(F)(4)) (B) = HO(FA)(B) = 0

for all B € Ng and hence F' € RHom¢ (A, RHomc v, (B, C)). Now observe that, for all
B € B, we have that

H (HO(F)(A)) (B) = H'(FA)(B) = H'(F (A, B,)) = H*(Fg)(4) = 0

for all A € Nz. Consequently, we have that H°(F)(A) = 0 in H*(RHomc, x, (8, C)) for
all A € N and hence F € RHomg, p, (A, RHomg p, (B, C)) as desired.

To conclude, it is enough to show that for all F € RHom (A oL B,C ), if the image
F of F via (29) belongs to RHomg x, (A, RHomg s, (8B, C)), then F is an element of
RHom ¢, p/). (o, M) (A @ B, C). Forall A € A, we have that

HO(F)(B) = H (HO(F)(A)) (B) = 0
for all B € Ng, showing that, for all A € A, F4 annihilates Ng. On the other hand, for all
B € B, we have that

HO(Fp)(4) = H'(F(A, B,-)) = H* (H'(F)(4)) (B) = 0

for all A € N g, showing that, for all B € B, Fp annihilates N4 as desired. O
4.2. The tensor product of dg quotients. Consider A, B, C € Hage,,4 and suppose AR B
exists. By Lemma 4.5 above and the universal property of X, we have an isomorphism in
Hae
(37) RHom, (A ® B,C) = RHom, ;(A &~ B,C),
for every well generated dg category C. Hence there exists, corresponding to the identity
quasi-representable module on the left hand side by taking C = A ® B, a canonical bi-
cocontinuous quasi-representable module ® € H°(RHom, ¢(A &~ B, A = B)). We will
denote the induced functor at the level of homotopy by

®po : HH(A " B) — H' (A= B),
instead of our usual notation H%(®). Let X C A and Xg C B be classes of objects. We
define the class
(38) X Q0 Xg ={Xx ®go Xp | Xa € Xa,Xp € Xp}
of objects in H(A = B).
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Remark 4.6. Let C be a dg category. Observe that taking a class of objects in C is the same
as taking a class of objects in H’(C) as Obj(H"(C)) = Obj(C).

In first place, let’s analyse the relation of the well generated tensor product and the
annihilation of classes of objects in Hge,q.

Proposition 4.7. Consider classes N C H’(A) and Ng C H°(B) of objects. The class

(39) NaBc Ng = (Na ®go B) U (A o Ng) € H (AR B)
is such that
(40) RHomg, yyze Ay (A B B, C) = RHOM (¢ N (0. ) (A " B, C).

Proof. We have the isomorphism in Hge
RHom, (A ® B, C) = RHom, . (A &" B, C)

from (37) given at the H%-level by composition with the canonical bicocontinuous quasi-
representable bimodule ® between A ®" B and A = B. Then it is enough to see that this
isomorphism restricts to an isomorphism (40) in Hge.

Consider F € RHome pjmqng (A B B,C). Then F ®13m3 ® € H°(RHom, (A &
B,C)) is trivially seen to biannihilate (Ng-Ng).

On the other hand, given any G € RHom ¢ n). (o, Ai) (A & B, C), we have that

G = F @Y, ® € H' (RHom ¢ pry) (o Ng) (A & B,C))
for some F € RHom¢(A ® B,C). Consequently, for every object B € B, we have that
HO(F)(No®po B) = H(G)(N#, B) = 0in H’(C) and, similarly, for every object A € A,

HO(F)(A®yo Ng) = H(G)(A, Ng) = 0in H°(C). Thus we have that H*(F) annihilates
Na ®cy Ng, therefore F € RHome pr e N (A R B, C) as desired. ]

Definition 4.8. We will call Ng Rc) Ng the tensor product of classes of objects N and
Nag.

Remark 4.9. Let B, C be well generated dg categories and let NV be a class of objects in
B. Let (N) € H°(8B) be the smallest localising subcategory containing N. Then, given
F € RHomg(B, C), the induced H(F) : H*(8) — H°(C) is exact and cocontinuous.
As a consequence, Ker(H°(F)) is a localising subcategory of H(8B). It follows that

41) RHom¢ (8, C) = RHom¢ (4 (8B, C).

Lemma 4.10. Let A, B be two well generated dg categories and Wa C H°(A) and
Wg € HY(B) localising subcategories generated by sets. Let G (resp. Gg) be a set of
generators of HY(A) (resp. H(B)) and N# (resp. Ng) be a set of generators of W
(resp. Wg). We have that:

(Warc Wa) = (Na ®yo Gg) U (Ga ®yo Ng)).
Hence (Wa ®c1 Wag) is generated by a set of objects.

Proof. By definition we have that
(Wa g Ws) = ((Na) @go B) U (A @po (Ns))).

As it is a localising subcategory and it trivially contains Ng ®go Gg U Ga @po Ng, we
have that (Ng ®po Gg U Ga Qo Ng) € (W R Wa).

In order to prove the other inclusion, we consider an element X € (Ng) ®gyo B. If it
belonged to A ®yo (Ng), we argue analogously. We know we can choose regular cardinals
a and S such that the generators Nz are all @-compact in ‘W4 and the generators Gg are
all B-compact in 8. Combining [25, Lem 4.4.5 & Lem B.1.3], we have that

X =WQgoB,
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where W (resp. B) can be written in terms of objects in N4 (resp. in Gg) by using
coproducts, cones, direct summands and shifts. As ®go is bicocontinuous and an exact
functor in each variable, we have that X can be written using coproducts, cones, direct
summands and shifts in terms of elements of the form N ®g o G where N € N4 and
G € Gg. Therefore, X is an element of (Ng Qo Gg U Ga ®yo Ng). Consequently, we
also have an inclusion (Wg Ry Wg) € (Na ®yo Gg U Ga ®yo Ng) which concludes
the proof. O

Theorem 4.11. Let A, B be two well generated dg categories such that AR B exists, and
consider Wa € HO(A) and Wg C H(B) localising subcategories generated by sets.
We have

A B ARB

42 X =
2) Wa  Wg  (Warc Ws)

in Hgeyyg.

Proof. The subcategory (Wa®&cWg) C H(A®rB) is alocalising subcategory generated
by a set of objects as proved in Lemma 4.10. Hence, A ® B/(Wag Bc1 Wsg) is a well
generated dg category. If we show that it satisfies the universal property (28), we conclude
our argument. For any well generated dg category C, we have:

AxRSB

RH _—
omme( (Wa et Wag)’

C) = RHomc,<wﬂgCI(WB>(ﬂ xB,C)

= RHomg qy,mq Wy (A R B, C)
= RHom ¢ w,), (c, W) (A " B,0)
= RHomg 4y, (A, RHomg 4y, (B, C))

A B
= RHomc((W—ﬂ,RHomC(WB,C)),

where the first and last isomorphisms come from the universal property of the dg quo-
tient in Hge,4 (see (10)), the second follows from (41) above, the third one is given by
Proposition 4.7 and the fourth one by Lemma 4.5. O

Corollary 4.12. Let A, B be two well generated dg categories. If the tensor product AR B
exists, so does the well generated tensor product between any two dg quotients of A, B
with respect to localising subcategories generated by a set of objects.

Proof. This is a direct consequence of Theorem 4.11. O

4.3. Tensor product of well generated dg categories. In this section we show that the
well generated tensor product exists and we provide a construction.

We will proceed as follows. We will show that the well generated tensor product of
derived dg categories exists and it is again a derived dg category. This result will allow us,
using Theorem 3.17, to approach the construction of the tensor product for arbitrary well
generated dg categories making essential use of Corollary 4.12 above.

Proposition 4.13. Consider small dg categories a and b. In Hge,4, we have
(43) D(a) ® D(b) = D(a ®" b).
Proof. For a well generated dg category C, we have
RHom,(D(a ®" b), C) = RHom(a ®" b, C)
=~ RHom(a, RHom(b, C))
=~ RHom¢(D(a), RHom.(D(b), C))

where the first and the last isomorphisms are given by (21) and the second one is by the ®"
- RHom-adjunction in Hge. O
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We are finally in the position to prove the existence of the well generated tensor product.

Theorem 4.14. Let A, B be two well generated dg categories such that A = D(a)/ W,
and B = D(b) /W in Hae for small dg categories a, b with ‘W, C D(a) and Wy C D(b)
localising subcategories generated by a set of objects. Then, the well generated tensor
product of A and B exists and it is given by

(44) AR B = D(ad" b)/(W, Bey Wp).

In particular, A R B is independent of the chosen realisations of A and B.

Proof. We have A = D(a)/W, and 8 = D(b)/W; with ‘W, and ‘Wj localising subcate-
gories generated by a set of objects. By Proposition 4.13 we know that D(a) ® D(b) exists
and equals D(a®"b). Then, by Theorem 4.11, we have that AR B = D(a)/ W, =D(b)/ W,
exists and it is given by D(a ®" b)/{(‘W, Bc; Ws), and it is obviously independent of the
realizations chosen, as it fulfils the universal property. O

Corollary 4.15. The homotopy category Hae,q of well generated dg categories with co-
continuous quasi-functors is symmetric monoidal closed.

Proof. This follows from Theorem 4.14 and Theorem 3.31. O

4.4. Tensor product of localising subcategories. In this section we provide an alternative
description of the tensor product from §4.3, in the spirit of [20, §2.5], which does not appeal
to choices of generators of localising subcategories. In the next section, this construction
will lead, via the equivalent approaches to localisation theory described in §3.2, to a
description of the tensor product in terms of Bousfield localisations (in the spirit of [20,
§2.6]), which will be used in §5.

Let a, b be two small dg categories and consider the derived dg categories D(a) and
D(b). Let ‘W, € D(a) and ‘W C D(b) be localising subcategories generated by sets of
objects. Inspired upon the construction of ® above, we can define a tensor product of
localising subcategories generated by a set as follows.

Definition 4.16. With the notations above, we put
(45) War Wy = (Wa Ral Wh).
We define one-sided localising subcategories of D(a ®" b) as follows:
) W, = {F € D(a®" b)|F(-, B) € W, for all B € b}
W, == {F € D(a®"b)|F(A,-) € W, forall A € a}

Theorem 4.17. The tensor product of localising subcategories generated by a set ‘W, =W
is given by
W, vW, = <(W1 U"Wz)

in the poset Wyg of localising subcategories of D(a ®L b) generated by a set of objects.

In order to prove this result, we first provide an explicit description of the quasi-
representable bimodule ® between D(a) ®" D(b) and D(a) ® D(b) = D(a ®" b) (see
§4).

Lemma 4.18. Let a and b be small dg categories and consider the canonical bimodule
® € RHom, (D(a) ®" D(b), D(a ®" b)). Then, given F € D(a), G € D(b), we have that:

47) (F ®0 G)(A, B) = F(A) ®" G(B)
inD(k) foralland A € a, B € b.
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Proof. Recall that given ¢ a small dg category, representables {c(—, C)}ce. form a set of
compact generators of D(¢). Consequently, we have that F' (resp. G) can be written in terms
of representables in D(a) (resp. in D(b)) by using coproducts, cones and shifts. Because
®po is bicocontinuous and exact in each variable, and thus commutes with coproducts,
cones and shifts in both variables, F ®0 G can be also written in D(a ® b) in terms of
elements of the form a(—, A) ®go b(—, B) using direct sums, cones and shifts.

Now recall that ® is just the image of the identity in H*(RHom¢(D(a ®" b), D(a ®" b)))
via the chain of isomorphisms

RHom,(D(a ®" b), D(a ®" b))) = RHom(a ®" b, D(a ®" b))
= (RHom(a, RHom(b, D(a &" b)))
= RHom,(D(a), RHom,(D(b), D(a ®" b))
= RHom, ¢(D(a) ®" D(b), D(a ®" b))
defined above (see (21), (4) and (29)). On the other hand, observe that the identity in
RHom,(D(a ®" b),D(a ®" b)) gets mapped under the first quasi-equivalence (21) to the

Yoneda embedding a®" b — D(a®"b). Therefore, when restricted to the representables,
one just has that

a(—, A) ®0 b(—, B) = (a ®“ b)(-, (A, B)).

Now observe that

(& B) (= (4, B)) (A", B) = (Q(a)  B)((4", B'), (4, B))
(48) =Q(a)(A’,A) ® b(B’, B)
=a(A’,A) ®“b(B’, B),

where Q denotes the cofibrant replacement functor in dgcat, which can be chosen such that
Q(a) — ais the identity on objects (Proposition 2.1). In addition, also by Proposition 2.1,
we have that the induced Q(a)(A’, A) — a(A’, A) is a cofibrant replacement for a(A’, A)
in C(k).

Recall that coproducts, cones and shifts are point-wise in D(a Q- b), and hence the
evaluation of F ®0 G at any point (A’, B’) can be written in terms of elements of the form
a(A’, A) ®" b(B’, B) using coproducts, cones and shifts. But as ®" is bicocontinuous in
D(k) and applying again that coproducts, cones and shifts are point-wise in D(a) and D(b),
we obtain that

(F ®0 G)(A’,B') = F(A") ®" G(B)

for all (A’, B’) € a ®" b and we conclude. m]
We proceed now to prove Theorem 4.17:

Proof. Let N4 and Ng be sets of generators of W, and W} respectively. Consider the set
of compact objects Gp(q) = {a(—, A)}acq as a set of generators of D(a) and respectively the
set of compact objects Gpp) = {b(—, B) } Bep as a set of generators of D(b). By Lemma 3.20
we know that ‘W, and ‘W are localising subcategories in D(a ®" b) generated by a set of
objects. More concretely, it follows from Lemma 3.19 and Lemma 3.20 combined with

Lemma 4.18 that
“9) Wi = (Na ®go Gow))s
W, = (Gp(a) ®o N3).

Hence, we can conclude that
WarWy = (WaBaWs) = ((Na®poGp(v))U{(Gb(a)®oNg)) = (WIUWy) = WV W,

where the second equality is a direct consequence of Lemma 4.10. O
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4.5. Tensor product of dg Bousfield localisations. Let a, b be two small dg categories
and consider the derived dg categories D(a) and D(b). Consider respective Bousfield
localisations with kernels generated by a set of objects given by the dg subcategories
L, € D(a) and Ly, € D(b) with respective quasi-left adjoints F, and Fp. Denote by
W, = Ker(H(F,)) and ‘W; = Ker(H°(Fy)) the corresponding localising subcategories
generated by a set.
Consider the following full dg subcategories of D(a ® b):

o L1 ={FeD(a®"“b)|F(-,B) € L, forall B€ b} C D(a®"b);

e L={FeD(a®"b)| F(A,-) € Ly forall A € a} C D(a®" D).
The natural functors

o Fi:D(a®"b) — H(L1): X > (Fi(X) : (A, B) /> H’(F)(X(~, B))(A));

e F,:D(a®"b) — HY(Ly) : X +— (F2(X) : (A, B) — H°(Fy)(X(A,-))(B));
can be easily seen to be the left adjoints for the inclusions H%(i;) : H*(L£;) — D(a ®" b)
and H°(i) : H°(L;) — D(a ®" b) respectively. We have thus that £jand £, are
Bousfield localisations of D(a®" b). Additionally, following the notations from (46) above,
one can observe that

Ker(Fi) = {F € D(a®"b) | F(—, B) € W, forall B € b} =W,
and analogously
Ker(F,) = {F e D(a®" b) | F(A,-) € W, forall A € a} = Wh.

As ‘W, and ‘W, are by hypothesis generated by a set, we have, as a consequence of
Lemma 3.20 above, that ‘W = Ker(F}) and ‘W, = Ker(F,) are also generated by a set of
objects. Hence i1 and i, are Bousfield localisations of D(a ®" b) with kernel of the left
adjoint at the 0""-cohomology level generated by a set of objects and we have the following:

Proposition 4.19. The localising subcategory W (resp. W) and the well generated
Bousfield localisation Ly (resp. L) correspond under the isomorphism between Wyq and

op
Ldg.
Theorem 4.20. The tensor product L, R Ly is given by

LinLh=LinL

in the poset Lqg of dg Bousfield localisations of D(a ®L b) with kernel of the left adjoint at
the 0"-cohomology level generated by a set of objects.

Proof. We have that:
LinLy=LiANL

= (W Vv Wy)*

= (W UuWy)*

= (War W)t

= D(a®" b)/ W, 8 W,
= D(a)/ Wy & D(b)/ W
=Ly® Ly

where the first equality follows from Lemma 4.21 below, and the fourth is given by Theo-
rem 4.17. O

Lemma 4.21. Let C be a well generated dg category. Given L and L’ two dg Bousfield
localisations of C, we have that

(50) LAL =LnL

in the poset Lyg of dg Bousfield localisations of C with kernel of the left adjoint at the
0"-cohomology level generated by a set of objects.
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Proof. Observe we have that:

LANL =(WeVWe)*
= (WuWe)*
=W;NnWg
=Ln/l’

where the first and last equalities are given by the isomorphism of posets described in
§3.2.3, the second by the description of the poset of localising subcategories generated by
a set and the third by Proposition 3.6. O

5. TENSOR PRODUCT IN TERMS OF @-COCONTINUOUS DERIVED CATEGORIES

In this section we provide the description of the tensor product of well generated dg
categories when we realise them as a-cocontinuous dg categories. We make use of the
description of the tensor product of Bousfield localisations of dg derived categories provided
in §4.5.

Proposition 5.1. Let a,b be two homotopically a-cocomplete small dg categories and
consider their respective a-cocontinuous dg derived categories D, (a),Dy(b). Then we
have that

Do () 8Do(B) = Do.o(a®" D),
where D, o (a ®" b) denotes the full dg subcategory of D(a) ® D(b) = D(a ®" b) formed
by the bimodules F such that F(A,—) € D4 (b) forall A € a and F(—, B) € Dy(a) for all
Behb.

Proof. This follows from Theorem 4.20. O

Consider a,b two homotopically a-cocomplete small dg categories. We know that
D,(a) ® D, (b) = Dy o(a ®" b) is a well generated dg category, and hence, there exists
a regular cardinal S and a homotopically S-cocomplete small dg category ¢ such that
Dy.o(a®"b) = Dg(¢). It is reasonable to ask the following questions:

e Can we find such a ¢ with 8 = @? Or in other words, is the tensor product of
a-compactly generated dg categories again a-compactly generated?
e Can ¢ be found in terms of the provided a and b?

The answer to both questions is affirmative (see Proposition 5.6 and Corollary 5.7 below).
Showing this will be the main goal of this chapter.

5.1. Tensor product of homotopically a-cocomplete dg categories. Fixed a U-small
regular cardinal @, we can define a homotopically @-cocomplete tensor product in the full
subcategory Hge , of Hge given by the homotopically a-cocomplete U-small dg categories.

Definition 5.2. Let a and b be homotopically @-cocomplete dg categories. A homotopically
a-cocomplete tensor product of a and b is defined as a homotopically a-cocomplete small
dg category a ®L b such that the following universal property holds in Hge,,:

(51) RHom,, (a ®% b, ¢) = RHom,, (a, RHom, (b, ¢)).

Remark 5.3. Observe that for @ = Ny, as the homotopy category of a dg category is in
particular Ab-enriched, we have that for a,b € Haey,:

e RHomg, (a,b) = RHom(a, b);

e and hence a ®{ b=a®"b.

Remark 5.4. The following theorem, together with Proposition 5.6, constructs a homotopi-
cally a-cocomplete dg category d such that D, (d) = D, (a ®" b) in Hge, and shows that
 is actually the homotopically a-cocomplete tensor product of a and b. The argument,
despite the technicalities intrinsic to this setup, is essentially of topos theoretic nature. Let
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us describe here the outline of the proof roughly, ignoring the fact that we are working with
cofibrant objects, and not just categories of dg modules, and that we are working with quasi-
functors, instead of with dg functors. We first construct a candidate d for the homotopically
a-cocomplete tensor product of a and b together with a dg functor F : a ®~ b — b
which is a-cocontinuous in each variable. Intuitively, one can think of these small dg
categories as “dg Grothendieck sites”. Then, the fact that F' is a-cocontinuous in each
variable allows to observe that the restriction of scalars F* : D(d) — D(a ®" b) restricts
to amap Fy : Dy(d) — Dy o(a ®" b) between the “categories of sheaves”. This is, in
topos theoretical language, saying that F' is a “continuous morphism of sites”. Then, using
a parallel argument to that of classical topos theory, one has that F has a left adjoint, that
we will denote in the proof by Indf such that

a@tb —L——

\LYc@L b lYB

D(a®"b) —— D(b)

lau«@Lb \Lan

L Indg
Da,a(a® b) —> Da(b)»

is a commutative diagram. In particular, one has that Ind,F = ay o Fy o i gLy, Where
iqglp : Da.a(a®" b) C D(a ®" b) denotes the dg embedding. Then, by means of the
concrete construction of d, one can conclude, and we will do so combining Theorem 5.5
and Proposition 5.6, that Ind, F' is an isomorphism in Hge.

Theorem 5.5. Let a be a regular cardinal and a,b homotopically a-cocomplete W-small
dg categories. Then, there exists a homotopically a-cocomplete W-small dg category d
such that

(52) RHom,, (a, RHom,, (b, C)) = RHom (b, C)
for all W-well generated B-small dg category C. Moreover, we have that d = a ®% b.

Proof. The construction of d will be obtained by mimicking the construction of the tensor
product of a-cocomplete k-linear categories following [16, §6.5], or [15, §10] and [19,
§2.4] for the concrete case of @ = N.

Consider the Yoneda embedding Y g1y, : a ®- b — D(a®" b) and the quasi-adjunction
Aagly Tp0 Tagly Where iggiy : Dg.o(a ®F b) C D(a ®" b) is the natural inclusion. Recall
that a,gLp, € RHome(D(a ®" b), D, o (a ®" b)).

Consider the bimodule a,gLy ®B(0®Lb) Yot € RHom(a®" b, D, o (a®" b)). We prove

L . . . . . .
that a,eLp ®p (a&Lb) Y, eLp is bi-a-cocontinuous. Observe that that is the case if and only if

Da,a(a®" B)(H(a4e1p) © H' (Yaerp) (— ), X) : (a®" B)® — D(k)

sends a-small coproducts in both variables to a-small products for all X € D, (a ®" b),
where we put D, o (a ® b) = H(D,. o (a ®" b)). We have that

Da.a(a®" ) (H(a4g1p) © H'(Yag1p) (=, ), X) = D(a ®" b) (H® (Yygup) (-, —), X) =
=H'(X)(-,-),

which, because X € D, o(a QL b), sends a-small coproducts in both variables to @-small

products. Consequently, a,gLy ®B (a@LD) Y,eLp 18 bi-a-cocontinuous.

Denote by G the set of representables in D(a®"b) and consider 7 € H’(D . (a®"b)) =
Da.o(a ®" b) the closure of H%(a,e1p)(G) under a-small coproducts. Denote by d C
arep(D .o (a®" b)) the enhancement of 7~ via the natural enhancement qrep(D ., (a®" b))
of Dy, (a ®" b). In particular, observe that d is an essentially small dg category which is
homotopically a-cocomplete.
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Consider the functor
F:a®“b—bd
induced by the bimodule a gLy ®D (a8tD) Y, eLp, Which remains bi-@-cocontinuous.
Consider C a well generated dg category. We are going to show that
(53) ¢:[0.Cla — [a8"D.Claa : f + fo[F]
is a bijection.
Observe that we have
[Da.o(a®" D), Cl;

IIZ

[Dq(a), RHomc(Dg (), C)]e
[D.(a), RHom, (b, C)]c
= [a,RHom, (b, C)]«
= [a®"D,Cla.a

where the first bijection follows from the definition of the tensor product of well generated
dg categories together with Proposition 5.1, the second from Proposition 3.28, the third
from Theorem 3.31 together with Proposition 3.28 and the last one from the ®" — RHom
adjunction. Observe that an element g € [D,.,(a®"b), C]. gets sentto go [Y ®po Yiliso €
[a % b, Cla.o- If we denote by a, (resp. ap) the quasi-left adjoint of the inclusion

D,(a) C D(a) (resp. Dy(b) C D(b)), it is easy to see, using the construction of
the tensor product in terms of quotients as exposed in Theorem 4.11, that g o [Y; ®po
Y{liso = g © [(aa ®Il'3(a) Yo) ®po (ap ®]5(b) Yo)liso = & © [dagipliso © [Yagtp]. We denote by
tegtv.c i [a®“ D, Cla,e — [Dq,o(a®" b),Cl the inverse of this bijection.

We have a map

I3

(54)

(55  [a8"5,Claa % [Daa(@@ b),Cle — [0,Cla: £ — tagio.c(f) o /.
where j = [YDQ a(a®Lb)] Yo [i] € [d,Dq4.o(a®" b)], withi : D C qrep(D4. o (a ®- b)) and
Yp Dy« (asbb) © Da, «(a®"b) — grep(D .o (a®" b)) the natural quasi-equivalence provided
by the Yoneda embedding. We are going to show that this is an inverse map of (53).

We have that t,gLp (f) 0 j o [F] = taglp(f) © [deertpliso © [Yaelp] = f for any element
f € [a®"b,Clq.q. Hence (55) is a right inverse of (53).

Now we want to show that ;gL ¢(go [F]) o j = g. This equality is more involved and in
order to prove it we will use the topos theoretical argument mentioned in Remark 5.4 above,
which can also be seen as an a-version of the usual extensions of dg functors. Denote by
Ind% = t4gLp,p,, (5) ([@b]iso © [Yo] © [F]) € [Da.a(a @ b), Dy (d)]c. We hence have that

(56) Ind;{ ° [aa®'~b]iso o [Ya®Lb] = [ah]iso o [Yh] o [F]

Observe that Indf o [a,gLpliso = [@vliso © [F1] and hence Indf = [ap]iso © [F1] © [{4gLp]-
We claim that

(57) Indj o j = [ab]iso © [V5]-

Observe this will be enough to conclude. Indeed, as Indy is cocontinuous, we have a

diagram

o — = [Da(D).Cle

(58) F]l l<,)o.ndg

[a ®L b7 C] a,a Tl‘) [Da,a(a ®L b), C]c’
which is commutative as a direct consequence of (56), where s denotes the inverse of the
bijection [Dy(D),Clc — [0,Cla : f — f o [avliso © [Y»] from Proposition 3.28. Then,
we have that

tagtp.c(8 o [F]) o j=s(f)olIndg oj=s(f)o[as]iso © [Ya] = f,
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where the second equality comes from (57). Consequently, (55) is also a left inverse of
(53), which concludes the argument.

It hence only remains to prove that (57) holds. Consider the dg functor F : a®“b — b
and the associated restriction F* : dgMod(d) —> dgMod(a ®" b) and extension F) :
D(a®"b) — D(d). Denote by d’ the full dg subcategory of D, (a®"b) quasi-equivalent
to d via the quasi-equivalence Y gLy:

Y.
Da.a(a 8 B) % grep(Dg.q(a 8- D))

] ]

v’ > D

Observe that, for all D € v,
F*oYyoG(D) = F*(hg(p)) =
=d(F(-),G(D)) =
= qrep(Dg,q (a ®" b)) (i 0 F(-),i 0 G(D)) =
= qrep(Da,a (@ @Y 1)) (Dq, . © Yaorp(~)si 0 G(D)).
‘We hence have that
fagtp © 1(D) = D(a ®" B) (Yogrp(—).igerp 0 1(D)) —
— qrep(Da,o (a 8% 1)) (Pq_,, © Yeorp(—). Py, © fasty © [(D)) =
= qrep(Da.qo (a 8" 1)) (Py,, © Yagip(-),i 0 G(D)).

Consequently, we have a natural transformation i g1, © I — F* 0 Y3 o G. By adjunction,
we have a natural transformation Fy o iygiy © I — Y3 o G and by composition a natural
transformation

59) a: D@y oFoiggpol — Py 0Yy0G.

Now, observe that every object D € H°(d’) is isomorphic to [[;.; H*(G)"'H°(F)(A;, B;)
where the coproduct is @-small. Then we have that

H(ay) o HY(F, 0 iggLy o I)(D) =

aslp

aslb

= H'%ay) o H(F) 0 iggLp) (]_[ H®(aggLy) © H(Yogiy) (A, Bi)) =

i€l

= H(ay) o H(F, 0 iggrp) © H (dggrp) (U HO(YaoaLb)(Ai,Bi)) =

i€l

= H'(ay) o H'(F) (U H°(Y,gr) (A, Bi)

iel

(60)
=| [ H(aw) o HO(F) 0 H(Yogr5) (Ai, B) =
i€l
= [ H#°(av) o H(Yy 0 F)(A;, B) =
iel
=H(Y}) (U H(F)(A;, Bi)) =
iel
= H'(ay) o H'(Ys 0 G)(D),
where the only non-trivial equality is the third one. It follows from the fact that

H°(ay) o H(F\ 0 iggry) © H(a4g15) = H'(ay) o H(F),
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which can be deduced by using the adjunctions H%(ay) 4 H(iy), H%(aqgLy) 4 HO (iggLlp)
and H°(F)) 4 H°(F*) together with the fact that the image of H?(F*)(D,(d)) lies in
Da.o(a®" b) € D(a ®" b). From (60), one can conclude that the natural transformation
a from (59) is a termwise homotopy equivalence and consequently, we have that [ay]iso ©
[F1] o [igelp]l © [1] = [an]iso © [Y»] © [G]. Thus, we have that

Indz o j = [apliso © [F1] © [iggLp] © [?Dmd(a®1~b)]_l o[i] =

J = las] ]
= [av]iso © [F1] © [iggrp] © [I] 0 [G] " =
= [av]iso © [Ta] © [G] o [G] 7' =
= [as]iso © [V3],
as we wanted to show.

We hence have that ¢ : [d,Cle — [a®" 5,Cla.q : f — f o [F] is a bijection.
Given another small dg category e, we denote by [d ®" ¢, C], the subset of [d ®" ¢, C] of
a-cocontinuous morphisms in the first variable, and by [(a ®" b) ®L e, Cl4.o the subset

of [(a ®" b) ®" ¢, C] of a-cocontinuous morphisms in both the first and second variables.
We have the following diagram

[¢e,RHom (D, C)] [e, RHom, (a, RHom (b, C))]
(61) [belecCl, [((as"B)&-eCl, ,

[5, RHom(e, C)], — 21 [a®" b, RHom(e, C)]

Observe that RHom(e, C) is well generated as a direct consequence of Theorem 3.22, and
hence the horizontal arrow is a bijection by (53). Thus, as a direct consequence of Yoneda
lemma, we have that RHom, (d, C) = RHom, (a, RHom, (b, C)) in Hge as we wanted to
show.

Now, given any homotopically @-cocomplete small dg category ¢, we want to show that
¢ [0, ¢la — [a®YD, clq.q : f > fo[F]isabijection. From the argument above, we
have that ¢ : [0,D4 ()] — [a ®" B,D4(¢)]a.a : f — f o [F] is a bijection. Observe
that the corestriction Y{ : ¢ — D, /(¢) of the Yoneda embedding induces injections

[0, ¢]la € [0,De(0)]a
and
[a®"D,)a.e € [a®"5,D0(¢)]a.a-

It is then easy to check that ¢ can be obtained as the restriction of ¢ to [, ¢] 4, and hence
we have that ¢’ is injective. As the elements H’(F)(a ®" b) generate H’(d) under a-small
coproducts and Y/ is a-cocontinuous, we can conclude that it is also surjective. Then, a
similar argument as above using the universal property of the internal hom and Yoneda
lemma allows us to prove that RHom,, (a, RHom, (b, ¢)) = RHom, (D, ¢), showing that
b = a ®L b as desired. O

5.2. Tensor product of a-cocontinuous derived dg categories.

Proposition 5.6. Let a, b be two homotopically a-cocomplete small dg categories. Then,
we have that

(62) D,(a) ®D,(b) = D, (a®% b)

in Hae.
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Proof. We have that:
RHomc (D, (a), RHomg (D4 (b), C)) = RHom, (a, RHom, (b, C))
= RHom, (a ®1; b,C)
= RHom¢(D,(a ®% b),C)

for every well generated dg category C, where the first isomorphism comes from Proposi-
tion 3.28 together with Theorem 3.31, the second isomorphism follows from Theorem 5.5
and the last isomorphism from Proposition 3.28. This concludes the argument. O

Corollary 5.7. The tensor product of two a-compactly generated dg categories is again
a-compactly generated.

Proof. The theorem follows from the enhanced Gabriel-Popescu theorem (Theorem 3.17)
and Proposition 5.6 above. O
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